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When Government drawings, specifications, or other data are
used for any purpose other than in connaction with a definitely
rolated Government procurement operation, the United States
Soverament thercby incurs no responsibility nor any obiigation
whatsoever, and the fact that the Government may have formulated,
furnished, or in any way supplied the said drawings, specifications,
or other data, is not to be regarded by implication or otherwise as
in any manner licensing the holder or any other person or corporation,
a1 conveying any rights or permission to manufacture, use, or sell
any patented invention that may in any way be related thereto.
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the unknown equivalent magnetic current distribution of each aperture, f:::;\
~.

For arrays with elements ltocated in a rectangular lattice the block
Toepl itz admittance matrix property is used in selving the system of
equations,  The exparsion functions that ave used to approximate the
equivalent magnetic current In each aperture are a column of adjacent rec-
tangular surface patches with piecewise sinusoidal-unitornm distribution tor
arrays with apertures of lengths less than ,6A,

Numercus results are presented that illustrate how the various elements
in a finite array behave during various scan conditions., Rectangular grid
arrays of s{ze 3xJ to ¢7xZ7 are analyzed for various numbers of expansions.
The results show that the aperture distribution< of the edge elements diffe
greatly trem that ot the Thyg mode,  The coupling due to the edge elements is
shown to significantly affect the center element reflection coefficient,
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CHAPTER ]
INTRODUCTION

A periodic planer phased array antenna is made up of radi-
ating elements that are identical in geometry and are arranged in
A planar and doubly periodic Yattice. The periodic nature of phased
arrays lends itself to radiation patterns which can be scanned
electronically in microseconds. This is accomplished by exciting
adjacent elements of the array with appropriate constant incre-
mental phase shifls. Phased arrav antennas have the important
property that the hean pattern of the array is the same whether
it 15 operating as a transmitter ar receiver, This feature makes -
nhased arrav antennas a practical device for radar systems<, Due
to the agility of the phased array beam, the number of targets which
a radar system can detect and track is increased over that of con-
ventional antennas, Improvements in phase shifters such as sami-
cnndu$tor diodes offers increased accuracy and reliability of the
array .,

sl ootk el

Most phased array analysis to date has used infinite array
techniques to analyze "large” finite arrays. In large planar arrays
the majority of the inner core elements hehave nearly uniformly,

' Important characteristics of the large array can be approximated
well by modeling it with an infinite argay whose elements exhibit
a uniform behavior throughout the arrgy . As the large finite
array becomes smaller the infinite array model will tend to be
invalid. This is due to the radiation and refiection characteris-

"

i i St

4 tics of elements of the array being stronqgly depenaent on their ;
location.  An approximation to the behavior of a finite array can ;
3 be obtained by using infinite array techniques when only a finite g
E:

number of elements are excited in gn infinite array environment,
as done by Amitay, Galindo, and Wu'. In "classical" array theory
finite arrays are analyzed by neqlecting the mutual coupling be-
tween array elements, The resulting array beam pattern is expres-
sed as a product,of the array factor and the pattern function of
an array element ', In general, mutual coupling between array ele-
l ments cannot ne ignored.

This paper considers the effects of mutua) coupling in finite
rectanqular grid phased arravs of rectanqular and square waveguides
. in an infinite qround plane. The problem is formulated using the
i equivalence principle and the method of moments to obtain an ap-

i proximat.on to the aperture distribution of each element of the
: arrayv. The aperture distribhution 1s then used to obtain the scat-
tered field in the wavequide fromn which the aperture reflection
coefficient of a single element can be obtained. Chapter 11 first
discusses the general tormulation for single aperture coupling.
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In Chapter 111 the formulation is specialized to the case of a
single probe-fed cavity-backed slot antenna in an infinite ground
plane. Reflection coefficients for square and rectanqular wave-
quide-fed apertures are comnputed and compared against data in the
literature, 1In Chapter 1V the formulation is extended to analyze
a finite arrav of wavequide-fed apertures in an infinite ground
plane., A recent gaper by Luzwick and Harrington has also consid-
ered this problem ., Results are presented for the reflection coef-
ficients of elements in finite phased arrays of size M x M, where
M is add. The reflection coefficient data presented will be for
arrays with rero wavequide wall thickness, Since the method is
not restricted to zoro wavequide wall thickness, the effect of
finite wall thickness is also examined.
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CHAPTER 11
GENERAL FORMULATION FOR ANALY7ING APERTURE
COUPLING BETWEEN TWO REGIONS

A. Introduction

In this chapter a formulation for determining the aperture
coupling between two arbitrary reqions will be presented, Th
formulation closely follows work done by Harrington and Mautz
on qeneral aperture coupling and is included tor completeness,

The problem is formulated using the equivalence principle to obtain
an operator equation for the unknown aperture distribution, The
method of moments is then used to salve the operator equation for
an approximate solution to th9 gperture distr ibution. A discus-
sion of the method of moments’ '~ (also referred to as the methced

of weighted residuals) is presented 1n Appendix F for complete-
ness.  The importance in determining the aperture distribution

is that fran it the reflection and transmission properties of the
aperture can he determined, It is inherent in the formulation

that the aperture coupling is represented by the sum of two in-
dependent admittance matrices, one for each region. Some examples
of probloems that can he solved using this fermulation are apertures
in a conducting screen, wavequide-fed apertures, cavity-fed aper-
tures, wavequide-to-wavequide coupling, wavequide-to-cavity coup-
Vinq and cavitv-to-cavity coupling.

B. Theory
In this section the general problem of aperture coupling be-

tween two reqions is considered. Fiqure ?-1 shows two reqions

a and b coupled by an aperture. Reqgion a contains impressed elec-

tric and magnetic sources (J., M.) and region b ic assumed source

free (if sources were presen{ in'both reqgions the problem could

be analyzed by using superposition). Region a is shown closed

and region b is shown open, but in genergi each reqion may be open

or closed. By the equivalence principle the total field ir region

a is produced by the impressed sources (J., M.), plus the equiva-

lent magnetic current v

ﬁs = Exn {?2-1)
over the aperture region, with the aperture covered by a perfect
electric conductor, In Equation (?-1) E is the total electric

field and n is the unit normal to the aperture. The total field
in reqgion b is generated by the equivalent magnetic current - M
over the aperture region, with the aperture covered by a perfec§

P =i o

i i el bl i At bl b

g g e e e it

ol

Lot L

Lt




CONDUCTOR

AN

Attt

o E U

REGION b

Fiqure 2-1, General aperture coupling between two reqgions,

electric conductor. The equivalent situations for regions a and

b are shown in Figure 2-2, The magnetic currents M and -M_ satis-
fy the condition that the tangential component of tRe electfic
field be continuous across the aperture, An operator equation
involving the unknown current M_ can be obtained by satisfying

the ramaining houndary conditioR that the tangential canponent

of the magnetic field be continuous across the aperture,

The contribution to the tangential component of the magnetic
fieid in region §. denoted by "2, over the aperture is from the
incident field H  due to the impressed sources (J., M.) and the
scattered field ﬁ?ﬁﬁg) which is found by sone opogatian on the

S‘

equivalent source that is,
\] -—] .—J
= ) ]
ﬂt }t + Ht (Ms . (7-2)
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Figqure ?-?, Equivalent situations for regions a and b.




In Equation {(2-2) the incident and scattered fields are both com-
puted with a perfect electric conducter covering the aperture,
In region b the tangential component of the magnetic field over
the aperture is due to the equivalent source - o that is,
LI PR _ b

Ry = (M) = DR (2-3)
In fyuation (2-3) linearity of the ﬂh operator was used and Hb(ﬂ )
is cilculated with a perfect electri& conductor covering the Speﬁ-
ture. Enforcing the hanundary condition that the tangential com-
ponont of the magnetic field be continuous acrcess the aperture

is done hy setting fquation (?-?) equal to Fquation (2-3) resulting
in

-

a _ i
M) + H‘t’(ﬂs) - - m (7-4)

fquation (?-4) is the desired operator cquation for determining
the ecquivalent magnetic current ﬂs'

The true solution for the magnetic current M_ would be ob-
tained if thn equality in Equation (2-4) were sat?sfied exactly.
Ae shown in Appendix F, the method of weighted residuals can be
used tn solve operator equations of the form of Equation (2-4)
approximately. An approximation for the current M_ is obtained
by using the trial functicon expansion >

) o ik o

) M - % v i = N (2-5)
g a’ N ETn) s
where Mn is referred to as a trial function, expansion function,
or bhasis functinn,
K(n) is the terminal current in volts which normalizes

M and is found by integrating OYR¥ the width of
" at it's terminals (thus, Mn/K is a "normalized"
blsis function),

V_is the unknown coefficient in volts associated with
Mn to be determined, and

N i1s the number of unknowns,

Substituting Cquation (?-5) into Fquation (?-4) and using line-
arity, the residual is now defined over the aperture region as

R = \ v ﬂg(ﬁn)
+

b
M) H M)
n=1 KTn) n

1 Vn () R

I~
x|
- —.
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Dafine a set of normalized weighting or testing functions W /K(m),
m=1,27, vy ol equal to the normalized expansion functions (Gal&rkin's

method ') and an tnner product

MM - S N H s, (2-7)

aperture

The residual is now mintmized by tat*yg the inner product of the
normalized welghting functions M /K with the residual and set-
ting it equal to zero. This resUlts in the simultaneous equations

, a N N i
? <Hm‘“t(nn) N (Mm‘nﬁ(ﬂn) <Mm'nt>

R MO SR S O N O O
m=1,?,...N, (2-8)

M M) M W®
Recognizing the quantities —m o and —2 . as ad-

mittances (since they havg units of mhos)
<M H .~
and the quaitity - -—Jn—rty~ as current (since it has units of
K(m

amperes) erables Equation (2-8) to be written as

N
5oy yY + b

nomn mn) = I m=1,%,....N . (9-9)

n=1

In matrix notation the solution for the coefficients Vn in volts
becomes, hy matrix inversion,

Wl Y (Pt (2-10)

These coefticients are then substituted into [guntion (2-5) to
determine M. Once M has been found, standard methods can be used
to compute Bhe fields®in reqgions a and b,

Due to the way the preblem was formulated the two gdnittance
matric.s in Equation (2-10) are independent. Thus, | Y" ] {s com-
puted rrom the characteristics of region a and | YBZ] is computed
fron the characteristics of region b,

Sams Gams pame SNl Sas WENE DI Omm A AN GEN W NS

I Chapter LI the above formulation will be applied to the
problam of calculating the aperture veflection coofficient of probe-
fod cavity-backed slot antennas, In Chapter IV the method will
he extended ta handle finite arrays of wavequide-fed apertures in an
infinite qround plane,
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CHAPTER T11
APERTURY RUITLECTION COUFFICIENT OF A SINGLE WAVEGUIDE-FED
APERTURE IN AN INFINITE GROUND PLANE

A. Introduction

This chapter considers a calculation of the TE _ aperture
roflection coefficient for a probe-fed rectanqular Wg\equide open-
ing into an infinite ground plane, as shown in Figure 3-1. In
this paper the lonag dimension of the rectanqular aperture is re-
forred to as the aperture length (H-plane), while the narrow di-
mension is referred to as the aperture width (7 -ane), Using
the theory discussed in Chapter 11 the induced - - rture distri-
hution can he found duc to the probte source, Thys aperture dis-
tribution is used to calculate the scattered field in the waveguide,
The reflection caefficient is found by taking the ratin of the
reflected and incident fields at the midpoint of the aperture.
First, the theary for analyzing the general case of a wavequide
with an iris at the aperture will be presented. Reflection coet-
ficient data and aperture distributions will then be shown for
wavequides of various sizes with no iris and compared against data
in the literature,

B. Theory

Figure 3-2 shows a probe-fed rectangular waveguide with an
iris in an infinite ground plane. The probe is a 1inear monopole
with height h and is located a distance d from the aperture and
c to the back wall, With reference to Figure ?-1 the rectangular E
wavequide is designated by region wg (a) and the half space by '
region hs (b). As was done in Chapter Il (for general aperture
coupling) the rectangular aperture {s first covered with a perfect
conductor., Next, applying the equivalence principle and boundary
conditions at the aperture results in the equivalent situations
for regions wg and hs shown in Figure 3-3, The equivalent magnetic
surface current ic related to the total electric field in the aper-
ture by =

HS =F xn f1-1) 3

where n 15 the unit normal to the aperture. Since the electric
field is z-directed and the unit normal y-directed the equivalent
maqnetic current will have only a x component. Due to the probe
orientation the tangential component of the magnetic field fs x-
dwrorted It i5 desired to solve for the unknown magnetic current

in a, gor to calculate the scattered magnetic field in the wave- -
qﬁ1d0 H

(M Y. The magnetic current is approximated by

8
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Figure 3-1. A probe-fed cavity-backed slot antenna
fn an infinite ground plane.
] . N M
: . 3.2
% ] s 7oy o (3-7)
] where,
i
! I ﬂn fs an expansion {or basis) function,
) \ —
‘ K(n' 1s the terminal current value which normalizes Mo =
% l Vn is the unknown complex coefficient associated with Mn' and
N 1s the number of expansion functions used to approximate E
HS in the aperture. 4




A good choice for the expansion functions is one that satisfies
the houndary condifions of M_ at the edges of the aperture, In
Fiqure -2 at x = - L ./? the’equivalent magnetic current must be
zera since the incidedt electric field is parallel to the edqe
ftotal tangential T is 7ero at a perfect electric conductor).

At 7 = d. and 7 = d, + W. the cquivalent magnetic current is par-
Aatlel to the edge aAd had a sinqularity inversely proportional

to the square root of the distance to the edge, Over the rest

of the aperture reqion the expansion functions should be able ton
approximate higher order modes if the need arises. A set of basis
functions, which is a qood approximation to the ahove conditions,
is overlapping rectangular surface dipoles with piecewise-sinusoidal
current distribution along the direction of current flow and uni-
form (also referred to as rectangular pulse) distribution in the
direction transverse to current flow., Fiqu-e 3-4 shows an example
expansion of M_ where three rows of five averlapping piecewise-
sinusoidal uniform hasis functions cover the aperture. The over-
lapping piecewise-sinusoidal functions can provide a current dis-
tribution which is zero at the ends and arbitrary over the remain-
ing interval (if enough functions are used). The adjacent uniform
functions yleld a current distribution which 1s an approximation
to the sinqularity at the edge and arbitrary over the remaining
interval (1f enough functions are used), A typical expansion func-
tion with half-lenqgth £ and width w can be expressed as

-2 <« x' <@ (?'3)

0 <z’ <w

where K ig a(ﬁgmplex coefficient, tlsing the definition of termi-
nal curfent X in Chapter 11, it follows from Equation (3-3) that

(n)

w
K gﬂn(ﬂ)dz = WK

Naw that a suitable set of expansion functions have heen deterained
Faquation (?-8) can he applied. This results in the set of simul-
taneous equations involving Vn

N M EYRY . R APy Ak
vy _mx 0T, _mx nT ) m X (3-4)
nsp M x(mI, (n} k(M (n) K (m)
m= 1,2,...N
whoere

10
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fFiqure 3-4. Expanding the unknown magnetic current M_ into
three adjacent rows of five overlapping piecewis
sinusoidal-uniform functions,
AH>=- ff W*'H dx dz, (1-5)
surface
WG \ﬂm,n:gfﬂn) >
Ymh = —-ETET;(FT—— is the mutual au.ittance between has

functions m and n in the presence of the wavequide walls with
the aperture covered by a perfect conductor,

Yhs - <F“m‘}:{::s(};‘n) >
mn K(m}K(HT'

functions m and n in the half-space region with the aperture
coverad with a perfect electric conductor,

is the mutual .mittance between basis

R; is the incident field due to the probe source in the rec-
tangular cavity-hacked wavequide, and

B IR A
SRS,
m K (m)

is the current excitation.

An expression for the current excitation is derived ir detail in :
Appendix €, The result is, from Equation (E-15)

13
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where x' and z' are the shifts of expansion m from x=0 and

z=0, respectively,

! is the terminal current for the probe and is assumed
t8 be one ampere,

T AY 1Y
r; =jl -(n1 %W) - ((n2+ %) %) . :it.
2lees(oyr ) cossn)

va ' -
1 -(n1 3—) =
I
t

*
P, = P? {means conjugate)

L R 1CE)

Y o
P?(n1,n?. *<Tngr © n,

- ”])

;!Ld?: xc14>*
Il

where w

x

™
"
2z r-
i
-

R = ;1 1s the propagation constant, .
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N, -1 is the numher of overlapping piecewise sinusoidal

? expancion functions chosen along the lenqth (H-plane) :
of the aperture, and L
E
Nw is the numbher of adjacent rectanqular pulse expan- ‘%
sion functions chosen along the width (E-plane) =
of the aperture. g

Equation (3-6) represents a plane wave expansion for the current
excitation due to all modes, both propagating and evanescent, that
are incident upon the aperture. The two infinite sums on the in-
tegers ny and n, inglude all these contributions., Values of n

and n, w*ich make r_ real and imaginary correspond to propacat*nq
and evanescent modeg, respectively. The TE_ th mode current
excitaticn can he identified by ohserving tﬂg phase factor

- 1y x! . 7'
. 2n(n?+ 7) T eJn‘nW-

in Equation (3-6) and choosing the proper pair of plane waves.
For example, n,=0 and n,=0,-1 corresponds to the TE, . mode cur-
rent excitation, OQther'mode contributions are fount <imilarly,

The half-spac?wmutual admittances in Equation (3-4) are found
hv taking the dual of the mutual impedance hgtween two electric
surface sources in free space (divide Z‘ bv n_,n_ is the free
svace impedance) and multirlyina the relllit hvotw . The factor
of two arises hecause the magnetic surface sources exist on a per-
fect elactric conductor which by image theory) doubles thzir field
contributions. Thus,

9?free space

hs mn
N e ——— .7
Ymn il (2-7)
n0
where N, * 120n ohms.

The mutual impedance zfree SPACE potween two piecewise sinu-

sotdal-uniform e]ectri@nsurface sources is derived in Appendix

€ and can be calculated from Equation {C-21). The calculation

is done by a single inteqration which can be performed numerically
on the computer,

The calculation of the wavequide mutuyal admittance in Equation
{3-4) is more involved than the half-space mutuals bt use position
in the wavequide 1< important, 8y using image them the waveaquide
mutual admittance calculation can be handled with inrinite array
techniques.,  (There are other equivalent ways of calculating the
wavequide mutual acdnittance, for example bv modal expansion as done

1%




by Mautz and Harrington13.) The calculations are done using a
quickly converging series that is derived in Appendix D. To demon-
strate the method consider the waveguide with an iris shown in
Fiqure 3-?. The unknown magnetic current M_ is expanded in nine
unknowns, three along the length and three ﬁlong the width. For
this case the wavegquide ad@ittance matrix will be a 9 x 9 symmetric
matrix. For the mutual Y; the subscript m will refer to the obser-
vation exterior element. "The subscript n will refer to the refer-
ence source element. To show how infinite arrays are introduced
intn the prohlem, three representative calculations of the wave-
auide mytual admittances gill now be given. First, consider the
calculation of element YO, shown in Figure 3-8, The reference
element is imaged into t%e waveauide walls {the walls are then
removed) resulting in four infinite arrays of rectangular magnetic
surface sources, These equivalent sources satisfy the boundary
conditions for the fields where the wavequide walls were located.
Flements of the four arrays are identified bv the Roman numeral

I, II, 111, or 1V, The exterior element is shown circled for em-
phasis. By superpositiocn it follows that

wgq  _
Yo =20+ Yo * Yy * Yagyd (3-8)

. . h .
where YI(I,II,III,IV) is the mutual admittance between the exterior

element and infinite array (I,II,II1,1V). The factor of two is
used to account for the perfect conductor. Thus, an expression
for calculating the mutual admittance between an exterior magnetic
surface source and infinite array of magnetic surface sources is
required. Such an expression is derived in detail in Appendix

D, the result given by Equation (D-11). The direction cosines

s and ¢_ in Equation (D-11) are determined for this case in the
f311owin manner: Since the current direction along elements does
not change, set the Floguet current factor

-jBszsz
e =] (see Equation (A-7))

or ﬁszsz =0
S0 sZ=0

where D_ is the interelement spacing in the z direction. Simi-
larly sBt the Floauet current factor

‘jBﬂst
e X =1 (sgee Equation (A-7)

or nDs =0
X
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SQ s =N
X

where Y is the interelement spacing in the x direction. From
Figure 3-5 it is observed that D_ = 2L and D_ = ?W. Note that
Fquation (D-11) was derived for 8n exterior &lement and a reference
source with the same current vector siqn. Thus, in the calculation
of Y and Y] v using tquation {D-11) the final result must as
mult‘si‘ed hy -{. Next, consider the calculation of element Y f
shown in Fiqure 3-f. Since the reference element is located al’
the midnoint along the length of the wavequide, only two infinite
arravs arise this time when imaae theary is used, Elements of
the two arrays are identified by the Roman numerals T or Il. By
superposition it is clear that

Wl 47

Y1'G = !YII + Y1II] (3.0)
Equaticn (N-'1) aoplies with D = ?W and s_ = 0 as hefore. For
this case Dx = L aggﬂﬁdnge theZcurrent vecfor changes sign

periodically set e XX o ay”

or BnD s = nn
X~ X

oA
X ?ﬁ; :
As a final example consider the calculation of Y¥9_ shown in Figure
3-7. Since the reference element is located at {hg midpoint of
the waveguide cross section »nly one array arises when image theory
is used. Equation (D-11) is applied with D_ =L, D_ = W, s_=0,
and s = A/20_. The remaining elements of the waveauide adfit-
tance matrix dre calculated similarly. As a check on the wave-
quide mutual admittance (.iven by Equation {D-11)} an infinite wave-
quide can be used as a test case. In Appendix G it is shown that
for the TE, . mode propagating in an infinite wavequide the reflec-
ticn coeff\gient is zero, as it should be.

S0 S

Uasn caﬂgulatinq all the elements of the admittance matrix
[Y)=(¥"]+[Y"*] the unknown coefficients V_ in Equation (2-4) can
he found by matrix inversion, that is,

(v = [+ (3-10)

After Lhe voltage response matrix (V) has heen determined, and
the coefficients substituted into Equation (3-?2), the magnetic
fFicld scattered by Hs into the waveguide can be determined. The

R T T P e
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scattered field AYYM Y at the midpoint of the aperture fs required
in cnlcnlat‘}n the npﬁrturo reflection coeffictient, A method for
ohtaining MY (M(\ is to fmaar M in the waveanide walls,  This again
results inan iAfinite array of “rectanaulae magnotic surface sources,
as shown in Figure -2, which produce a field at the wall pasition
that satisfy the wavegquide boundary conditions. Appendix A qives

a derivation for the magnetic field radiated by an infinite aray

of rectanqular magnetic surface sources with arbitrary (hut peri-
odicY current distribution, The result is qiven by Fauation (A-
I, At the T[mnth aperture reflection coefficient be def ined

as

HYD (M) o ”image
) <

S N L UL (3-11)

where HIMAY 4o the image of the incident tield due to the

pertect conductor covering the aperture,

For convendence the rotlpcti{ion coefticient i< calrulatnd at the
midpoint of the aperture, that is, x=0 and 7 = W/, At the apor-
ture (v=-d} the incident mageetic field doubles hecause of the
perfect electric conducting cover., Thus,

e o Sl bl o

PRGN TR
X X .

From Fquation (A<, with ﬁ\sL. N_o=W, s =0, and s _=\/20_,

at the aperture midpoint the x component’ of the scittered magnet 1¢

firnld due to HS i
n

o o 1 \~ (n + ‘ )
W) B 1 ’ "w( 1 ] »
Tl L. AR S, B U U S S

s LW Mt e v
inon NV idn N (n,t ! Y itan i’
o . I - R TR P
Py, nYe ! “: Lo L . o 1 W (3-17)
o 1w

where (trom fquation (R-9))
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S‘ﬂ(ﬂﬁ) n, W
' cos (?n £ n, + 1)) - cos AL i s
L > 7 I
mmet gy g e, (3-13) i
. e e e i 4
? I
S AT A 1)) i3
"y jl (m i) ‘(L("?’7 » and | 3
i
xg and zy are the shift factors of expansion function ¢ %
from x=0 and 220 respectively, g :
|
Equation (1=12) iy a planc wave expansion representing all the ;
nropagating and evanescent modes that exist in the aperture reaqion
of the wavequide, The TEmnth mode can he identified hy observing ;

the phase factor
X
) 0 1 79
i» (n + )
o T r 2 '7 Pj,”nn] W—

in Equation (3-12) and choosing the proper pair of plane waves.
For example choose n, =N and n?=0,-l. The sum of the ahove phase
factor for the two cases is

Xy Xq .l
Jn -dn nX e,
e L + e L = 7 cos v[---Q 3
which 1s the TE 0 wode,  Next, choose n1=0 and n?=l,-? with the § 1
result lg X 4
J3n T ~§3n - Inx, E .
¢ +e = 2 cos —~ £

which represents the TE.m mode, Other desired modes are determined
similarly, )
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C. Results

In order to test the theory presented in Section B of this
chapter, calculations for the reflection coafficient of the TE
mode for a wavequide-fed aperture antenna with no iris (see F‘Sure
3-1) are made in this section, Two different shapes of wavequide
are used, square and rectangular, and results using the moment
I method are compared against data in the literature.

As a first test case a rectanqular waveouide with length to
width ratio L/W = 7,75 was analyzed. The unknown magnetic current
distribution M_ was first expanded using 1, 3, § and 7 piecewise-
<inusoidal expinsions along the direction of current flow (H-plane)
] and one rectangular pulse in the transverse direction (E-plane),
The results for the maanitude and phase of the reflection coef-
ficient are shown in Fiqure 3.9,  Agreement between the ahove for-
mulation (with seven plecewise sinus?Ads) and the variational form-
ulation of Cohen, Crowley, aTg Levis " and the moment method solu-
tion of Mautz and Harrinaton™ is quite qood. When the above form-
ulation is applied with one expansion function in the aperture
agreement 1s qood up to ahout L/\ = A as shown in Fiqure 3.0,
Three and five piecewise-sinusoidal expansion functions hath yield-
ed qgood reflection coefficient data up to L/x= 1.0, In order to
check the approximation of one pulse expansion function alonqg the
direct ion transverse to magnetic current flow the reqion L/ <
.6 was choson, This check is also important hecause the finite
arravs that will be dealt with in Chapter 1V have elements with
L/x=.8714, Fiqure 3-10 shows the TF n aperture reflection coet-
ficient for L=.5714) as a function 0} pulse expansion functions
N used to approximate M_. The magnitude of the reflection coef-
tYcient changes by only Iout two percent in going from one to
nine rectangular-pulse expansion functions. The phase changes
by only thirteen deqgrees correspondingly. The normalized magnetic
current for nine expansion functions is shown in Figure 3-11 to
illustrate the U-shaped distridbution that exists due to the edge
condition,

Wie W i

The second test case chosen was a square wavequide, Results
for the reflection coefficient as a function of L/A when seven
overlapping piecewise-sinusotdal expansion functions along the
diraction of current flow were used is shown in Figure 3-17. The
agreement with Cohen, Crowly, and Levis is good. The reflection
coefficient maqnitude agrees fairly well with Mautrz and Harrington,
hownver, there is a substantial difference in the phase for /) >
7. This can probably he attributed to their using fowr rectanqular-
pulse expansion functions alonng the direction transverse to current
flow instead of only one.  This seems to be the case, because when
the aperture was chasen to be fixed at L/) = (8714 and more pulse
expansion functions were used alonqg the transverse direction [see
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Fiqure 1-9. Comparison hetween the reflection coefficient
calculated by the theory of this chapter and data in the
1iterature for a rectanqular wavequide-fed aperture of
size L/W = 2.?25 in a. infinite ground plane.
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Fiqure 3-10, Convergence of reflection coefficient for a
rectangular wavequide-fed aperture of size L/W = 2,75
in an infinite ground plane.
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Figure 3-13) there was about a seven percent change in the reflec-

tion coefficient magnitude and a twenty degree change in the phase.
For larger electrical sizes of apertures similar changes should

be expected because the one rectangular pulse approximation becomes
poorer, The normalized equivalent magnetic current for nine pulse

expansion functions is shown in Figure 3-14,

In the next chapter finite planar phased antenna arrays wil’®
be analayzed., The arrays will be made up of the square and rec-
tanqular wavequide elements that were discussed in this chapter,

i i b )
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Figure 3-13, Convergence of reflection coefficient for a square
wavequide-fed aperture in an infinite ground plane.
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CHAPTER IV 3
APERTURE REFLECTION COEFFICIENTS OF WAVEGUIDE ELEMENTS B -
IN FINITE PLANAR PHASED ARRAYS E

PTEPIEIRIRCY

A, Introduction

As discussed in Chapter I, when a smal) finite phased array : E
] is analyzed, {1t is necessary to include the effects of mutual cou- i E
pling between elements. This chapter considers the effect of mutual '
coupling in finite phased arrays in which the radiating elements
are closely spaced wavequide-fed apertures. Tne method of analysis
involves extending the moment method formulation for the single
wavequide-fed aperture that was presented in Chapter III,

In designing phased arrays it is important to know the pat- E
tern of the array as a function of scan angle. It is of equal -
importance to know how much power is being reflected and trans- =
mitted by elements of the array as the scan angle varies. For E
example, the pattern of an array may meet design requirements but E
the transmitted power may not. For certain sizes and spacings 16.17 45
of arrays the Wood's anomaly (also known as the blindness effect)”' 3
occurs in which maanitudes of the reflection coefficients of the
elements of the array become unity. In this case the array will
be incapahble of transmitting any power. Thus, it is necessary
to calculate the reflection ur transmission cvefficients of the 3
elements of the array in order to determine the amount of power o
that the array can transmit. In the next section the theory for

IOV % U T R AT

performing such a calculation will be discussed.
i 8 Theory E-

Figure 4-1 shows a front view of the MxN phased array of rec-
tangular waveguide-fed apertures in an infinite ground plane which 3
will be analyzed in this chapter. A side view of the array, as .
depicted in Figure 4-2, shows the probe excitation used for each
waveguide. A constant current of one ampere is assumed at the =1
terminals of each probe along with the desired phase to achieve +
a particular scan angle. Taking 8 as the E-plane scan angle meas- 5
ured from the normail to the array, the required constant phase E
shift between apertures is ‘

ag = ~2nd3 sin @, (4-1)

where d_ is the center-to-center spacing between apertures in the "
strong-EOup1ed (F-plane) direction., Next, letting ¢ be the H-plane e
scan angle measured from the normal to the array, as shown in Fig- = -
ure 4-3, the required constant phase shift between apertures is

e
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Fiqure 4-1. MxN array of wavequide-fed apertures in
an wnfinite ground plane,

a, = -2'ndw sin ¢, (4-2)

where d  is the center-to-center spacing between apertures in the
weak (ﬂfplane) direction. Thus, the terminal current of probe
(m,n) in the array for a particular scan angle (8,4) is given by

-32n(m-1)d_simd  -j2n(n-1)d sing
1 = e s e v (4-3)
m,n
m=1,2,....,M n=1 2 .., N,

Having defined the qecmetry of the array to be analyzed, the next
step is to modify the single slot formulation of Chapter I11.
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Figure 4-2, 35ide view of the MxN array shown in Figure 4-1:
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H-plane scan,

The matrix equation for the unknown coefficients, V of the
aperture, is given by Equation (3-10) as

v) = [[v9] + [y"s])-1 (ny (4-2)

where [ng] ts the wavequide acmittance matrix,
[YhSJ is the half-space admittance matrix,
(1 is the excitation current matrix.

For the case of an MxN array of apertures in an infinites ground plane
each aperture 1s covered by a perfect electric condurior and the
equivalent maanetic current +M is placed on the left side

of the conductor and -H Bﬁ tHA right side. 1In this manner

the houndary condition, (Ra% tangential E he continuous across
each aperture, can be enforced Enforcin& tﬂé boundary condition
that tangential H, be continuous across each aperture results

in the new matrix @qUZtion
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[
(V) = [qu] [ hs] S P
array l array ¥ U larray (I’array (4-5)

(n is the array excitation matrix composed of M«N sub-
matr?ch corresponding to the M*N elements of the array, thus
(1)
(D) yrray = (fz) (4-6)
(yony
where the elements of (I) are column vectors of length(N,-1)-N_

(recall from Chapter 11 tﬂa{ K -1 and N are the number of expansion
functions used in the aperture) due to Hach element of the array.
Since the wavequides have been effectively isolated from each other
(due to the perfect electric conducting cover) there is no coupling
between apertures by means of the wavequide admittances. There

will be an identical wavequide self admittance matrix of size ((Ngrl)
*Ny) x -1\ N for each of the wavequides in the array. The array
anPquido admitf%nco matrix will thus be a diagonal block matrix,

!.Y } n
S

0 T [Y"QJ

The number of blocks on the main diagonal is equal to MeN, In

the half-space reqion the magnetic current sheets -M

2, «eos M; n=1,2,...,N) radiate in the presence of eaéﬂ her

Thus, the coupling that takes place between apertures is done solely
by the array half-space admittance matrix,

Calculatiop of the array half-space admittance matrix elements
is done by using Equation (3-7). The array half-space admittance
matrix will be a block matrix with every entry being non-zero.

For certain array interelement spacings and number of expansion
functions used, various symmetries can be used to reduce the number
of calculations necessary to fi1l1 the array half-space admittance
matrix. The same symmetries can he used to reduce the amount of
computer storage required for the total array admittance matrix

as well as reducing the amount of time required to invert {t,

These symnetries will be discussed rext,
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As an example of symmetries that are typically present in
analyzing rectangular grid arrays consider a 3x3 array with three
oulse expansion functions used to approximate M_ ner element, as shown
in Figure 4-4. In this case the separation betReen strong-coupled
(E-plane) apertures is zero and the spacing between weak-coupled .
(H-plane) apertures is arbitrary. {Qelgesulting array half-space :
admittance matrix is block Toeplitz "' 7. A block Toeplitz matrix :
is symmetric and 15 composed of symmetric sub-matrices (QAocks) :
with the following property: Let A1 repre;ent the 1§ block
of a hlock Toeplitz matrix, then the’é1ements of the block will
depend only on the difference of the subscripts, that is, |j-i|.

et emup SN EEER ey

VAR TP R
L}

9 18 27
8 7 26

7 s 25
6 15 24

R 14 :—_-2_3_—*

4 13 22|
3 12 21
2 h 20
f I 10 19

Figure 4-4, i3 array with three pulse expansion functions in
each aperture aqives rise to a block Toeplitz half-space

v admittance matrix when the separation between

; strong-coupled apertures ts zero.

i In the above example the half-space admittance matrix has nine
i blocks {three in each row and three in each column) ot dimensions
9x9 each and in the above notation,

I-Yhs] [Yhs]1 [Yh5]2
"] array [v"s_]? [v'“"]n [v“jl (4-8)
[Yhs]? [Yh§J1 [Yha]n

(note that [Yw91arrav is also block Toeplitz and thus the total
admittance matrix {s block Toeplitz), The above bhlock Toeplit:
matrix is important for two reasons. First, a1thouag theh@atrix
S ig.of size 27x27 (7?9 elements) only the elements Y,°,, Yy7,, ...,
: Y\, need to he calculated. Since the remaining e%éments'nf the
i matrix repeat, the rest can be filled in (from the above ?7) hy

: an algorithm, Second, a computer program for solving a block
Toep115f system of simultaneous equations has been developed hy
Sinnot™" which greatly reduces the amount of storage required for
the admittance matrix.

[rSg——
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Anc*ther important geometry that will be analyzed is an array
where L separation between strong-coupled (E-plane) apertures

~ is non-2ero. An example of this is the 3x3 array with three ex-

pansion functions per element as shown in Figure 4-5, For this
case the half-space admittance matrix is now double-block Toeplitz.
A double-block Toeplitz matrix is defined to be a block Toeplitz
matrix with sub-matrices thaﬁsare ﬂlso block Egeplitz. In the
above example the elements Y,”., Y oy tees Y1 7 need to be cal-
culated and then only certai*'bf the‘elements 1‘ the second and
third rows. The rest of the matrix can be filled in by an algo-
rithm which uses the double-block Toeplitz properties.

L 9] L. )} L. 27 |

8 17 26

7 16 25
[ 6 ¥ [ 24

5 14 23

4 13 22

3 12| 21
2 Y 20

| 0 | 9

Figure 4-5. 3x3 array with three pulse expansion functions in
each aperture ylelds a double-block Toeplitz half-space
adnittance matrix when the separation between
strong-coupled apertures is non-zero.

Now that a method for analyzing finite arrays has been presented
it will be applied 1in the next section to some specific cases,

C. Results

In this section plane MxM arrays (where M is oddj of square
and rectangular wavequides, in an infinite qround plane, will be
analyzed, The moment method formulation for finite arrays in the
preceding section is ut:lized. Results will be given for the re-
flection coefficients of elements in the array, as well as repre-
sentative aperture distributions, for various scan angles. First,
however, the required number of piecewise-sinusoidal expansion
functions alonq the length (H-plane) per aperture in a small
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- a hx5 array of square apertures as a representatative case.

finite array will be determined. This will be done for E, H, and
quasi-E-plane (which will be discussed shortly) scanning using
Next,
quasi-E-plane scanning with zero wall thickness will be used as
a test case to determine the required number of rectanqular pulse

expansion functions along the width (E-plane) per aperture.

After

S .

having determined the proper number of expansion functions per
<lement, €-plane and H-plane scanned arrays of various sizes will
then be analyzed. The results will show that one piecewise sinu-
soidal expansion function per aperture is adequate along the length
(H-plane) for L < .5714\ while more than one pulse expansion
function is necessarv along the width (E-plane) for both rec-
tangular and square apertures.

E-plane and H-plane array scanning were discussed in the last
section (see Figures 4-2 and 4-3). The quasi-E-plane scan differs T
frog E-plane scanning in that the E-vector changes direction by 2
180~ periodically along the x-direction of the array, as shown g‘
in Figure 4-6. As discussed in Appendix H, the reflection coeffi- 8
cients in a 5x5 array of square elements (L=0,5714)) have almost i
converged when only one piecewise-sinusoidal expansion function
is used. This is true for all three types of scanning. It can

b4

- o, S
Wi ol e v

4
+._
Va
K
/i

m

- | -— | -—

}

}
1
f
}

- | — | - | - | --—

4
!
|
|
}
W

Figure 4-6. Quasi-E-plane scanning in the yz plane,
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he assumed that small finite arrays of size similar to the 5x5
array will have about the same type of convergence. Thus, in all
the arrays that follow, one piecewise-sinusoidal basis function will
be used to expand the unknown equivalent magnetic current in the
direction of current flow. This approximation represents a sig-
nificant savirngs in computer storage required for the admittance
matrix in Equation (4-4) as well as greatly reducing the cpu time
required to solve the system of equations. In general, for arrays
with apertures having L > N,6X several overlapping-piecewise sinu-
soidal expansion functions will be required,

The quasi-E-plane scan provides a good check of the depencence
of the reflection coefficient convergence upon the number of pulse
expansion functions along the aperture width (E-plane). This is
true because for an infinite array, with zero wall thickness between
waveciide elements, t'"- reflec§§0n coefficient for every element
will Le zero at broadside scan““. Thia can be explained simply
by noting that due to the periodic 180" phase shift in the F-field
along the x-direction of the array and the T-field being orthogonal
to the top and bottom walls of each waveqguide, the fields wili
be unperturbed if the waveguide walls are extended to infinity.
Thus, the reflection coefficient of every element in the infinite
array must be zero, For a large finite array the reflection coef-
ficient of the center element should be close to zero,

By using the quasi-E-plane broadside scan and observing the
center element reflection coefficient, as a function of array size
and number of pulse expansion functions, it can be determined whether
or not it is converging to the correct value (T=0). Reflection
coefficients for elements of arrays of sizes 3x3 to 27x77 as a
function of the number of rectanqular pulse expansion functions
for square and rectangular apertures were computed. Calculations
were done on an IBM-370 digital computer with 7048K bytes of storage.
Seven pulses per aperture could be run for arrays up to size 9x9,
flue to storage Yimitations only five pulses per aperture were used
for an 11x11 array. Three pulses per element coul | be used for
the 13x13 and 15x15 arrays. For larger arrays only one rectangular
pulse could be used. The results for square apertures are pre-
sented in Table 4-1 and Figure 4-7, In Figure 4-7 the magnitude
and phase of the center element reflection coefficient is conven-
iently plotted on an expanded scale Smith chart as a function of
array size and the number of pulse functions used. The family
of curves clearly indicate that one pulse function is insufficient
for arrays up to size 13x13. In the 1imit of an infinite array
one rectangular pulse expansion function should fit the uniform
distribution along the width (E-plane) of the aperture for the
TE, ~ mode exactly. Fiqure 4-8 shows the center element reflection
coL?ficient for one expansion function per aperture as a function
of array size. The curve shows a spiral type behavior., Whether
or not it would converge to I'=0 for a large enough array is not
clear.
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[ cENTER ELEMENT VS ARRAY SIZE AND
NUMBER OF PULSES (N,)

P =3

QUASI-E - PLANE ARRAY ELEMENT ' gj
o - E
0° { BROADSIDE ) SCAN ANGLE wl e E
L=0.5714\ L 4

7 3

‘0 g%

E

AL e i

blobalisbie

b

Fiqure 4-7. Center element reflection coefficient for various
sizes of arrays and number of pulses per array element,
Array elements are square wavequide-ted apertures.

Data points are plotted in the center portion
of a Smith chart.

s bl bl

42




i
r VS. ARRAY SIZE FOR ONE {j 3
CENTER ELEMENT EXPANSION FUNCTION/ ELEMENT | 3
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é : Fiqure 4-8, Center element reflection coefficient as a function k
i of array size, Array elements are square wavequide-fed
\ ; apertures. Data points are plotted in the center
i : nortion of a Smith chart,
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For the case of the 11x11 array with square elements (L=0.5714))
and five pulse expancian functi~=s per aperture, the center elemnent
reflection coefficient was calculated for a quasi-E-plane scan
in ton deqree increments. The magnitude of the center element
reflection coefficient is plotted as a function of scan anqle in
Fiqure 4-9. The results are compared against data calculated by
Amitay, Galindo, and Wu for the center column of an infinite array
in which all elements of the array are gycited and for when only
pleven columns of elements are excited.™ Although the qeometries
are quite different the results are similar, Reflection coeffi-
cients of all the elements in arrays of sizes 3x3, &xh, 7x7, 9x9,
and 11x11 for various scan angles are presented in Appendix 1.

For quasi-E-plane scanned arrays in which the elements are
rectangular with length to width ratio 2.25, the results for the
center element reflection coefficient as a tunction of array size
and number of pulse expansion functions per element are presented
in Tabie 4-2 and Fiqure 4-10. Fiqure 4-10 shows that one pulse
expansion functio: i< inadequate for arrays up to size 15x15. It
is also clear that as the aircy size incveases fewer pulses are
required. This 1s to be expected becaus2d as the array qets larger
the aperture distribution of the center element approaches that
of the 7T mode. Fiqure 4-10 also shows that seven pulse bases
per e]eme%Q are desirable for arrays up to size 9x9. Fiqure 4-

11 shows the center element reflection coefficient for onre expan-
sion function per element as a function of arravy size. The curve
is observed to be a spiral, The reflection coefficient chanqges
less and less as the array becomes larger, as expected. Whether
or not the calculated reflection coefficient will converaqe to zero
for a larqge enouqgh arrav is not obvious from Figure 4-17, Fiqure
A-17 shows a similar spiral curve when three pulses per aperture
are used. This curve seems to indicate a convergence of the re-
flection coefficient towards zero. For a very large array the
difference hetween nne and three pulses should be very slight as
far as the center element rerlection coefficient is concerned,
Therefore, for large enough drrays it appears that the array formu-
lation will yield converged reflection coefficient data (r=0) for
the central elements when only one expansion function is used,
This will not be true for the edge and near edge elements. Re-
flecvion coefficients for all the elements of finite arrays with
rectanqular elements of sizes 3x3, 5x5, 7x7, and 9x9 are presented
in Appendix J for various scan anqles when 7 pulse expansion func-
tions per element are used, For the array of size 11x11, § pulses
are used, Now that the formulation has been shown to yielu ac-
curate reflection data for quasi-L-plane scanning, E-plane scanning
will next be considered.
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Figufe 4-9. Reflection coefficient of the center element
in finite and infinite arrays of square waveguide-
fed apertures,
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Figure 4-10, Center element reflection coefficient for various
sizes of arruys and number of pulses per element array.
Array elements are rectanqular wavequide-fed apertures.

Data points are plotted in the center portion of
a Smith chart.
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Figure 4-1), Center element reflection coefficient as a function
of array size, Array elements are rectangular wavequide-fed
apertures., Data points are plotted in the center portion

of a Smith chart,
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Nefloct ion coefficient data for all the eloments of F-plane
scanned arrays, in which the elements are square waveguide-fed
aprrtures with zero wall thickness, is given in Appendix K for
array sizes 3Ix3, B8x5, 7x7, 9x9, and 17x11 for various scan anqles,
The reflection coefficient of the center element of an 11x11 array
nf square apertures as a function of E-plane scan angles is shown
in Figure 4-13, The center element reflection coefficient for
H-plane scanning is also shown for comparison. For infinite ar-
rays with interelement spacing equal to 0.5714) the Wood's anomaly
(or blindness effect), for which I'zl for all elements, should oc-
cur at an E-plane scarn angle of 507, FigUre 4-13 seems ta indi- o
cate the presence of Wood's anomaly at 50 but in a washed out
form due to the finiteness of the array. The behavior of the re-
flection coefficient as a function of scan angle for elements along
the center column near the edge of the 11xll array is examined
in Figure 4-14, The three curves represent the reflection coeffi- :
cients of the edge element, one element removed from the edge, B
and two elements removed from tihe edge. The greatest variation '
is seen to be in going from the edge element to one element re-
moved from the edge. Thereafter, the effects of the edge diminish
rapidly. The aperture distributions for the bottom edge element,

I X1l ARRAY
CENTER ELEMENT REFLECTION COEFFICIENT
vS. SCAN ANGLE

>

-

H - PLANE

[ Az ARRAY ELEMENT
100 20 ~

A\
/Cq
30*50

70
(BFOAD?DE) &0

Figure 4-13. Center element reflector coefficient for an 11x11
array of square waveguide-fed apertures as a function of scan
angle. Date points are plotted in the center portion
of a Smith chart,
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Figure 4-14. Reflection coefficients for elements in the vicinity
of the array edge along the center column of an 11x11 array
of square wavequide-fed apertures as a function of
E-plane scan angle,
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one element removed from the edge, and center element along center
c81umn of the 11x11 array s shown in Figures 4-15 for ap E-plane
n” {broadside) scan and in Figure 4-16 for an E-plane 60" scan.
For both scan angles the edge element aperture distribution is
highly non-symmetric and differs greatly from the center element,
This is to be expected in small finite arrays.

E-plane scanning for arrays of sizes 3x3, 5x5, 7x7, 9x8, and
11x11 in which the elements are rectangular waveguide-fed apertures
with length to width ratio 2.25 are considered in Appendix L. The
aperture reflection coefficients are shown for all the elements
of the arrays for various scan angles. The effect of non-zero
wall thickness is also examined in Appendix L for 7x7 and 11x11
arrays. Figure 4-17 shows the results for the center element re-
flection coefficient, as a function of E-plane scan angle, for
an 11x11 array with five rectangular pulse bases per element with
zero and 0.02516\ wall thickness. The effect of the 0.02516a wall
thickness is observed to be slight. For the 11x1l array with zero
wall thickness the influence of the array finiteness on the re-
flection coefficients of elements along the center column are shown
in Figure 4-18. The greatest variation is again seen to be from
the edge element to the edge-adjacent element, The aperture distri-
butions for the bottom edge, edge-adjacent, and center element
along the center co&umn of 3he 11x11 array are shown in Fiqures
A-19 and 4-20 for N- and A0- E-plane scan angles, respectively.
H-plane scanning will be considered next.

0 ‘..uu.‘mmmuwmuz‘wmmmmmum .M_mm\muwuw‘:‘m‘ ol el Mm‘ﬂﬁm‘ﬂumuﬁh A b kit

H-plane scanned arrays with square elements (with zero wall
thickness) for array sizes 3x3, 5x5, 7x7, 9x9 and 11x11, in which
the reflection coefficients of all the elements are given for vari-
ous scan angles, are presented in Appendix M. The reflection coef-
ficient of the center element of an 11x11 array as a function of
H-plane scan angle is shown in Figure 4-21. Results obtained by
Amitay, Galindo, and Wu for an infinite array of square apertures
(with zero wall thickness), when all elements are excited and when
only eleven columns are excited, are shown for comparison, Figure
4-21 shows that as far as the center element is concerned, there
is very little difference between an 11x1l array and an infinite
array for H-plane scanning. A comparison of the edge element
reflecticn coefficient magnitude for the center row of an 11x11
array and the infinite array with eleven infinite columns of ele-
ments excited is shown in Figure 4-22, The agreement between the
two curves is excellent. This indicates that using finite excita-
tion in an infinite array environment as done by Amitay, Galindo,
and Wu 1s a qood approximation to the behavior of a finite array.
The effect of the edge on the reflection coefficients of elements
along the center row of the 11x11 H-plane scanned array is shown
in Fiqure 4-73, The behavior of the reflection coefficients near
the array edge is the same as that observed for E-plane scanning.
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: Figure 4-15. Aperture distributions in the vicinity of the array
edge along the center column of an 11x11 array of square
wavequide-fed elemnts. Position number one refers to
the Tower edge of each aperture.
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Figure 4-1A, Aperture distributions in the vicinity of the
array edge along the center column of an 11x11 array of
square wavequide-fed elements, Position number one
refers to the lower edge of each aperture,
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Figure 4-17, The effect of waveguide wall thickness on the
center element reflection coefficient of an 11x11 array
of rectangular wavequide-fed apertures. Data points
are plotted in the center portion of the Smith chart.
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rectanqular wavequide-fed apertures. Position number
one refers to the lower edge of each aperture.
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Figure 4-20. Aperture distributions in the vicinity of the array
edge along the center column of an 11x11 array of rectangular
waveguide-fed apertures. Position number one refers to
the lower edge of each aperture.
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The aperture distributions of the right edge element, edge-adjecent

element, and cente "+ along the centsr row of the J11x11 ar-
rdy are shown in ) ‘A for H-plane 0 {broadside) and in
Figure 4-25 vor R . The aperture distributions are seen -

to be fafrly unifc | 5 15 due to the center row having five
adjacent rows of elements above and below it, Thus, the singu-
Tarity in the equivalent magnetic current distribution is washed
out due to the coupling between adjacent rows.

Finally, consider H-plane scanned arrays in which the array .
elements are rectangular wavequide-fed apertares with length to o
width ratio 2,28, Reflection coefficient data for arrays (with
7zera wall thickness) of sizes Ix3, 6x5, 7x7, OxQ, and 11x11 for
various scan angles is presonted in Appendix N, The effect of
a wall thickness of N,N?61AX is also considered for arrays of sizes
7x? and V1x'1,  Fiqure 4-°6 shows the center element reflection
coefticiont as a function of scan angle for zero and 0,072516) wall
thickness., This difference between the two curves 1S seen to be
slight, The difference is accounted for hy the change in the half-
space admittance matrix elements for the two cases. The edge ef-
feets on the reflection coefficient for elements along the center
row of the 11x11 H-plane scanned array are shown in Figure 4-77,

Aperture distribulions of the eodge, edec-adjacent, and center ele-
ment are shown in Fiqure 4-28 for a 07 (broads.de) H-plane scan
and in fFiqure 4-29 for a 60" H-plane scan. The aperture distri-
hut ions are fairly uniform, as was the case for square elements,

The  u vame required for solving for the reflection coef-
fictonts . the 11x11 array (zero will thickness) with five puls.
expansion functions for twenty scan angles (E-plane and H-plane
in ten degree incroments) was about ten minutes. The bulk of the
time fs spont in the calculation and inversion of the admittance
marix, b o+ nen-zero wall thickness the cpu time increased by
about two minutes due to an increase wn the numher of halt-space
admittance matrix elements that had to be calculated.

In this section results have heen presented for three types
o scannina with arrays of elther square or rectanqular wavequide-
fed apertures., Fxtensive additional results are presented in the
appondices, A1) of the results serve to aid in an undearstanding
of the performance of fintte arrays, particularly with regard to
the influence of the finite extent of the arrav unpon the ro€lection
cocf ficients of the various elemoents,
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reflection coefficient for an 11x11 array of rectangular
wavequide-fed apertures. Data points are plotted in
the center portion of a Smith chart.
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Figure 4-28. Aperture distributions in the vicinity of the
array edge along the center row of an 11x1! array of
rectangular waveguide-fed apertures. Position
number one refers to the lower edge of
each aperture,
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CHAPTER V
DISCUSSION
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Tne purpose of this study was to analyze finite phased arrays :
of rectangular and square waveguide-fed apertures, This was done P2
hy using the method of moments to find the aperture distribution -
of each of the array elements, from which element reflection coef-
ficients were obtained. To check the theory, reflection coeffi-
cient data for single rectangular and square wavegquide-fed aper-

: tures was calculated. The results were found to be in excellent
CE- agreement with data in the literature. Next, reflection coeffi-
cient data was presented for arrays with zero wall thickness, up
to size 11x11 using E, H, and quasi-E-plare scanning (the purpose
of considering quasi-E-plane scanning was to provide a check on
the center element reflection coefficient). For elements of length
0.5713), it was found that to be within one to two percent ¢° the
converged reflection coefficient value, five pulse expansion func-
tions per aperture along the width (E-plane) were needed. This
was true for both rectanqular and square elements., The effect

of non-zero waveaquide wall thickness was also studied and found
to modify the reflection coefficients slightly,
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The wavequide elements used in this study had a medium inside
equal to that of free space, that is, u=uy and e=e,. The formu-
lation can he directly applied to a completely die?ectric filled
wavequide hy using B=uwuge and n =fu, /e, where € is the permittivity
of the dielectric, in Equations (D-l?) and (E-1A). If, however,

a short dielectric slab of dimensions equal to the waveguide cross
section is used, the formulation must be modified. In this case
plane wave reflection coefficients must be introduced when the
plane waves from the probe or the aperture reach the edge of the
slah. Both Equation (D-11) and Eguation (E-16) would need this
modification, If the finite array is covered by a dielectric sheet
: the free space Green's function used in Appendix C no longer ap-

" plies. In this case the half-space coupling problem would have

to be reformulated.
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- This stidy considered arrays with elements arranged in a rec- ]
tangular lattice. Another array configuration that is useful is
the triangular grid. An example of the triangular grid is shown
in Figure 5-1 where three interlaced rows of elements are used,
The triangular grid has the important feature that the array ele-
ments can be spaced closer than in a rectangglar grid, thus avoid-
ing grating labes in the array bean pattern. This confiquration
was not analyzed in the present study because the half-space ad-
mittance matrix is no lonager block Toeplitz., Due to the elements
being interlaced, the half-space admittance matri- i1l contain
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Figure 5-1. Triangular grid array.

some hlocks that are not symmetric; hence Sinnot's block Toeplitz
computer program cannot be used. As a result ordinary matrix in-
version computer programs must be used to solve the system of eq-
uations. This results in an increase in cpu time and required
storage. A computer program which makes use of the block matrix
in the triangular qrid case is needed to solve the system of eq-
uations more efficiently,

Another problem of interest is a finite array of wavequide-
fed apertures in a finite ground plane., A 3x3 array is shown as
an example of this in Figure 5-2. This problem can be solved by
including contributions due to diffraction from the edges of the
ground plane in the half-space admittance matrix. The total ad-
mittance matrix is then expressed as

[Y] . {ng] N [Yhﬂ R [YdiffractedJ (5-1)

This type of solution is referred to as a hybrid technique?® (method
of moments combined with the geometrical theory of diffraction).

Another innortant addition to the analysis of finite arrays
would be the deselopment of a computer program to solve a double-
block Toeplitz system of equations. This problem arises when a
planar array of dipoles or slots are arranged in a rectangular
lattice and more than one expansion function is used per eiement.
While the block Toeplitz computer program can be used to sclve
the system of equations a double-block Toeplitz subroutine could
represent an additional savings in cpu time and storage. Larger
fini:e arrays could then be handled.
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Thus, three improvements or refinements discussed above need
to be made to the theory and the computer program (the present SR
computer program is listed in Appendix 0) in order to handle a
larger class of problems., These problems occur often in the
analysis of finite phased arrays.

Figure 5-2. 3x3 array of waveguide-fed o
apertures in a finite ground plane, :
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APPENDIX A

‘J m;niwiw?

THE MAGNETIC FIELD RADIATED BY AN INFINITE ARRAY N -
OF RECTANGULAR MAGNETIC SURFACE SOURCES WITH : =3
ARBITRARY CURRENT DISTRIBUTION o

In this appendix the total magnetic field H., radiated by ; =
an infinite planar array of rectangular magnetic surface sources, ’ : .
is derived. The der%gation closely follows work done by Munk, . -
Burrell, and Kornbau“® on periodic surfaces and is 1nc1u$8d for D
completeness. This calculation is used in determining H'9(M )

in Equation (3-11) as well as H_ in Equation (D-4). Thé ar?ay

to be analyzed is shown in Figur@ A-1 in the rectanquiar coordinate
system, A1l elements of the array are in the xz-plane and have

a magnetic current component that is x-directed. The current dis-
tribution of the reference element of the array is arbitrary. A1l
the other elements have the same arbitrary distribution as well

as a constant incremental phase shift in both the x and z direc- 4
tions. The entire array is displaced a distance d from the origin o
along the -y axis., This corresponds to the location of the wave- j 28
quide-fed aperture in Figure 3-1. The medium in which the array ' :
is located has permeability p and permittivity e,

Let R denote the position vector for the observation point o =3
P(x,y,2). In the analysis that follows, first the electric field .
radiated by an infinite array of Hertzian dipoles with length dg i
is calculated. Next, this field is integrated over the area of
each rectangular element of the array to obtain the total electric
field E,. The expression for E. will ke in the form of a plane
Yave expansion; hence HT can be determined by the plane wave re-

ation

s xE 3
T 3
m (A-1) 3

where =

s = isx + 9sy + isz is the direction of propagation
n is the impedance of the medium. F

The electric field radiated by an infinite array of magnetic
Hertzian dipoles can be determined in the following marner: Con-
sider an element of the array in row n and column k, with magnetic
current pK, ~ and length di located in the xz-plane as shown in
Figure A-?, The unit vector p is, in general, completely arhitrary
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with components x, vy, and z in the rectanqular coordinate system,

The reference element of the array is located at the point (x',- :
d,2'), and the remaining elements are positioned at the points =
{nD_+x',-d, kD _+z') where n and k are integers (positive and nega- :
tive) and D ahd D_ are the interelement spacings in the x and -
7 direction®, respbctively. In order to calculate the electric
field, first.the elactric vector potential F is calculated, then i
the equation -

F=-l vyr (A-2)
-

is applied.

The vector potential ?k from a single element of the array
ahserved at the paint Plx,vi9) is aiven hy

ek dag

Fo, =D LU (A-2)
an r

2
where B = iﬂ is the propagation constant,

———

r o= ja? + (nDZ-(z-z'H‘q , f A1)
and
- / d’ 6;_( |A_n’-"> q’ 1:
a = j(d+y) ka-(x—x . (A-f .
By superposition, the total electric vector potential F from the %%
entire array is E
e w — é
F= VOF :
k::\\! ni-\n kn =
-~ R @ _\jBr %
-p 2 I : (A-6) E
4n o N kn ,
k_-m N==00 r

For an infinite array scanned in ﬁge direction s the element cur-
rents must be of the Floquet type ', that is, =
-iRkD_s_ -JjRnD_s
K, =K, e S XX (A-7)
kn
where K, is the terminal current and s and s, are calculated hy
satisfving boundarv conditions for the problem of interest., Sub-
stituting Fauation (A-7) into (A-f) vields

e e kg b Bk o el
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roepresents the vector potential from column k of the arrav,

o 1 O DU R W @ 2

F. can be calculated by transforming Fauatinn (A-0) intg,a
faster converginag series with yse of the Poisson sum formula

" yoor Flow ) = 1§ fltenyT) (h-10)

2 N o n1=-.n'
where T(m) 1s the Fourfer transtorm of f(t), that is,

Flw) = & {f(1}] . and

. ?Tl . -
T = - is the period,
1
[§]

The reguired Mourfor treansform pAirgo for fquation (A-9) i

e 2

“dj ot | . -
o v -1 -1 (?) 2 ?
LA R B a1ty o)
[0 o e ! J it
o [
v v AL
vl ko(,\j' ) (n-nﬂ(t)\} (A-11)

(M .
vhore i and ¥ are the Hank 1o and modified Bessel function,
i .
rosnect iVely, of Yero order and the second kind,
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1 for -B <t <R
pe(t) = .
0 otherwise

b i

bl

(pB(t) is the pulse function).

i By comparison of Equation (A-11) with Equations (979) and (A-4) %
it 1s evident that the firequency shifting theorem™* %%
- Juyt 3
108 Fluw) =Fle f(t) (A-17) : é
1 with = z-2', is needed to transform Equation (A-9), Comparing ?;
! Equat?%ns (A-9Y) through (A-1?) it is clear that with E
o N B n N ;
1 wy = D, T-D;,t—-ﬂsz g
S the Poisson sum formula and frequ ncv shifting theorem transform
| Fquation (A-0) to
Y - - ( _ ' )
ﬁ : - cK1d9, > © Blz-2 )(Sz tn T\_')
s ro- - it ?
L <P e
) 4n Yz ny=-e
- -4 (2) ? m Y
. > MWy (a R"(ﬁsz+"lb_))
E 1 (8s, + & )?' - 32)2 (A-13)
: + E KO (a ? 1 U;
: Equation (A-13) can be expressed in simpler form as
A eKqde w  -jBlz-2')r
. F.o=p — e
k h {.
Z Ny=-m
. 1
- . -3 (?) 1 \
l—% H o (Rasi) s KO (Ras?ﬂ {A-14)

where

(4-15)

;F | [ ‘ R

Lt T Ll
o o

41




The summation in Equation (A-14) over n, is extended over all values L
making sy and s, real. Substituting that1on (A-18) into (A-8) U

yields
€K ® ©  -jAkD s E
~ 1 : XX .
F=p RS § y e -
V2 n‘.-'..w k=em

-ip(z-2")r .
. : b j (?) v 1

e -x H o (ﬁas]) - K0(8a57\J

[A-16)

The summation over k in Equation (A-1A) will now be transformed
into a faster converaent series hy use of the Poisson sun formula 2

o kgt o _
e Fleg) =T n?i flten,T) (A-17)
The necessary Fourier transform pairs are?? —
o y+d)j (Rs )“-t =
H(g) (ﬂsl\/(y'fd)gw?) = o 9———-_-~2—---—?---- pgsl(t) | B
. fihsy)? - ¢ B
y+dj t*-(rs,)” 3
3 J—-—-—-— = (1-pgg (t)?] (A-1R)
th -(R Sl) ! -

where the pulse function

D, (1) = [1 for -Rs, < t < Rs,
45‘]

1.0 otherwise

RR|
anga s

o o] —.’) . s . -
KD(HS,’\/(vO(H ) o= ‘*'-—"'_"',""“'_,ﬁ_"" (A-10)

Ry comparison of fquations (A-TRY and (A1) with Fguations (A= i
S) and (A-16) it is ¢ lear that the frequency shifting theorem, .
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qiven by Equation (A-12) with wy

Equation (A-

= x-x'
16). From Equation” (1A-17) choose

., is needed to transform

(A-20)

-JR (ﬁ-ﬁ')'r?1

dae @ 5 «©
F = p _..]___.- .Dﬁ y e
?DZ n1 S-w X n?=-m
-jB(z-Z‘\rz
e
14 ‘) —9 ?
: . [4 n
-J(y+d)J (851) -(Bsx+n? U; )
-j e
[ 3 ToTTIIITIITITITIII T
5 2
Al
nJ(Rsl) - \RSX + n, D: )
2
-(y+d)j(Rs2) 1(8s, + Ny U;)
' % e -
o o
? A
ZJ (Bs,)" + (Rs, + n, D: )
where r =s +n A
X X ? U;
Substituting 5y and S, into Equation (A-20) yields the compact
result
~ Je K,de
r(x'y’z) = - p — -J_w-__“ ‘)': cix e
76D D r r
X 2 n." S=m n2=-m




where

R=xx+ ; y+ z 2 is the observation point position
vector referred to the origin,

Ri=xx'"-~yd+ z z' is the source point location,

= + +
T?1 X ?‘x y l"v V4 l"z

denotes the direction of propagation of the bundle of plane waves,
and

+ 2 ?
" -jl-(rz) S (A-72)

In Ecuation (A-?2) the uoper sign/+) should be used for v > -d,
the tower siagn {-) for y < -d. Furthermore, where the integers
ny,n, attain such values making the square root imaainary, the

-3 value should he used for y > -d and the +j value when y < -d,

These choices will ensure waves propagating from the array and
attenuated as well,

Now that the electric vector potential at an arbitrary point
has been found, the total electric field can be determined by Eqg-
vation (A-2). Applying Equation (A-2) to Equation (A-21) yields

3K d2 © © _ -3B(RRY) For
b ;) vaX(pe —

Np=-e  Ny=- r

Yy
(A-23)
. 34
Next, apply the vector identity
9 x (¢h) = ¢9 x A - A x v (A-28)
to Equation (A-?1) and obtain
K, de ® © .. P-je(F-K')'r91
Elx,y,2) = 0.0 ) f p xRy, T T
X 2 Ng>=ee My~ ¥
(A-28)
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Equation {A-25) is the electric field from an array of Hertzian
dipoles. To ohtain the total field radiated by the infinite array
of rectangular surface sources it is necessary to integrate Equation
{A-?5) over the surface of the reference rectanqular source. To
perform the surface integration the terminal current K1 in Equation
{A-?5) must be _replaced by a current density M(x',z'). Let d¢

= dx' and p = x then,

fT(x,v,z) = ) § X x ;?]
?DXDZ N,=-o nlz-m
e-jeﬁ'r?]
.p(B)nlyny) _T"—_" (A-?F))
Y
where,
P( = W -lé— ! ' jsﬁl.rz.' [ '
Bifyany) = 7 g ) M (x',z')e dx'dz (A-27)
2

is the pattern function for a single element of the array. As
detailed in Appendix B the magnetic surface current density M

is arbitrary but is assumed to be known over discrete regions Eov-
ering the surface [- L/2 < x' < L/2, 0 < z' < W]. M can then
be approximated by the superposition of piecewise sinllsoidal-uni-
form surface dipoles modes Mi where,

i bl

il

simR(g-1x"]) -f < x" <2

Mi(x"z|) N Ai sin RR N < "< w

where L = h~
L

i UWIMWWWWW

and the A.'s are the complex coefficients associated with made
i. Since there are N and NE-Y expansions alona the width and
lenqth of the rectangU]ar surface, respectively, then

N N, -1

w L
- sin R(2-1x"])
M ) Ay —5Tn6e

where

i=m+ (n-1)N .

k3
!

=
Ll ot i
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1
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The pattern function is then given by (see Equation (B-10))

By r.  -jpdr
P(R,n,,n?) =—g——— e 272 e Y -
R'sin RY —i
s1n(8-; rz) [cos(Ber, )-cosay]
r ?
z (- (rx) )
Nw Np,‘l J'an "x jazmrz
) I Aje e
m=1 n=1
(A-28)
where Xy = -<% +nL
z, = (m-1) w, and ;
M i
W = N—w 7
Equation (A-26) is a plane wave expansion.for F., so HT can be L
determined by using Equation (A-1), with s = oy as
.1 ¥ T Foy X (X X Fy)
HT(X,.V,Z) = - W n?.:‘-eo n]='-m 21 21
e“JBR.r21
: P(B,n],n?) — . {A-20)
. .. 36
Using the vector identity
Ax (BxC)=(A"C)B- (A" B) (A-30)
it follows that
oy X {(x x r21) = x - (r?] ' x)r21
= x(1-(r3’) - y + 7 (A-31
= x(l-(r,)7) -y ryr bz, v, -31)
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b

V1 e e

b

- +
yrrytzr, r‘z]

- —

) Next, let i §
LW . w z =
. o L Rox—r, s1n(n % rz) =
pi MMyt = ——= T E |
- SINRL 2 §
[cos (B2 r )-cosde] -4
- . X ==
(A-37) E
* 1 YA =
(X-(r)") g
_ be the element pattern function. (Note that P,(n,,n,) is dimension- ==
less.) Substituting Equations (A-28), (A-31), anb (K-B?) into 4
- Equation (A-29) yields the desired result for the magnetic field %
) Bolxy,2) = =2 T T [-r)?d) 3
L - LT X :
4
A A g
Jfxr e"]B(wd)ry jazr, %
1 P,(ny,n, e — E
Yy %
1 N No-1 JRx_r_ jRz ¢ 5
. Wk e MXe M2z (A-33) 3
D ,
- m=1 n=}
L

Note *1at in Equation (A-33) the coefficient A. has units of [volts/
met ', Thus, HT has units of [amperes/meter] as it should.
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APPENDIX B

At

THE PATTERN FUNCTION FOR A RECTANGULAR SURFACE DIPOLE
WITH ARBITRARY MAGNETIC CURRENT NISTRIBUTION

o Consider a rectanqular surface dipole with arbitrary magnetic
£ current distribution M_,(x',z*'), as shown in Figure B-1, Assume
that M_(x',z') is a coftinuous function but that its values are
known for discrete intervals over the surface [- L/? ¢ x' < /?;

. Nez > W For example, M_, cuuid he known over discrete in-

. tervals corresponding to the“expansions used in a moment method

= solution, The pattern function for the rectangular surface source
in Fiqure B-) is qiven by (see Equation A-27)

; W L o
g A BR'roy
P f T M.x',2')e 1 ax dz (8-1)
L
0 -3
é where R' = x x* - } d+ 22 is the source point position vector,
i Toy = Xr_+y Ty +zr,

ol 1§91

denotes the direction of propagation.

E
3
3
3

The rectangular region {- L/2 < x < L/2; 0 < 2'< W} is divided
up into N expansions along the width and Ny -! overlapping expan-
sions alng the length, The particular case where N = 3 and NQ
-1 = 5 is shown in Figure B-2. If expansion i is knBwn to have
a piecewise-sinusoidal current distribution along the length and
is uniform along the width, with complex coefficiernt Ai' then
M_, can be represented as

X
Mo (x',2') = M. (B-2)
X mZ1 Z=1 !
where, i=m+ (n-‘)Nw

Suhstitutino Equation (B-?) into fquation (B-1) yields

L -
S Nﬂ" by BR"ry)
B ) r L y M‘i e dx' dz* .
-3 m=l n=1
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A rectangular magnetic surface source

Figure B-1.
with arbitrary current distribution,



3 To simplify the above integration a reference surface dipole M
3 is located at the origin as shown in F1qure B-3. . The vector shift
from the origin to expansion function i is R + 2 z%. The
pattern function can now be expressed equiva?ently As
NNy -1 AL A e
b - )s‘v 1 eJB(X X n + 22 ﬂ) r21
m=1 n=1
w L RR" o1
T f Mr(x",z")e odxt d2"
0 = (B-4)
where
R* = x x" -yd+;z" R
E Me(x"a2") = Ay ey '
? W
- W= oo
: W
8= ﬁ ,
‘ M
3 X'h=x o-m, and 3
= (m-1) w
3
Let F
V w L " JBX"?‘ ;
: - sing(s -]x"]) X =
! SICAUTUPY -r0 [ sin gg E
i ) 3
i . B, gy g (8-5)
1 e
]
: then
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. v

-JAdr Nw
P = P IRn,0,) € y :
1272 -

iR2' r
‘e m 2z
The double integral in Equation (B-5) is

: "
r
w JB2z 2

and from integral tables®

2 jBx"r
[ sin B(g-|x"|)e

x dxll

2 rcos(Bzrx)— cos R.]
81 - (r)?)

?
Now let P,(nl,n7) = R‘P](B,n

,n
(B-7),and (818) 1°72

(B-F)

carried out as follows:

(8-7)

(B-8)

), then using Equations (B-5),

LW . W
deJR 5 rz s.m(e Z rz)
P?!n1,n?\ = r,
sin RYL

_ [cos (Re r ) - cos 82]

(1 - (r)?)

X

Substituting Equation (B-9) into Equation (B-6) yields the desired
pattern function

(B-9)

woond

i

M-

'

)

[}
o

-3



w

. g F— [ — [ Y

?
B sin RQ

fcos (aer )- cos 82]

sin(ﬂg rz)

rz (1-(Y‘x)2)

N N
)

m=1 n=1

jBx! r_ j82' r
Aienxemz
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APPENDIX C

THE MUTUAL IMPENANCE BETWEEN TWO RFECTANGULAR
ELECTRIC SURFACE NIPCLES IN FREE SPACF

In this appendix an expression for determining the mutual im-
nedance hetwecn two rectanqular electric §urface dipoles with ar-
- hitrary current distribution is derived, The usefulness of this
calculation, in the present report, is for evaluatinn the free
space mutual impedance between two piecewise sinusoidal-uniform
surface sources in Fquation (?-7),

Consider the two clectric surface dipoles m and n in free
space shown in Fiqure C-1. The current distributions of dipoles

m and n are given by é

a a

, A ’ . - -7 <2 < ?-

; Joly.z) = 2 1 f (e} g (y) (C-1)

. b h

a TTY <3

g

3 a d

- R M A NS

: Un(y‘,z') =z 1 f (2') g (y") (C-?)

b . b
Sy-7<y <Sy"'?'

where f is the arbitrary distribution along the lenqgth of the di- i

pole and g is the arhitrary distribution along the widthag The

induced voltage on dipole m due to dipole n is given by
Ve T v,z » Ty, 2)dy dz (C-3)
mn Ifmit 'Jm n m T N

Fn is the free-space elactric field due to Un,

It §s the current distribution of dipole m under transmitting
conditions, and

l(m)t is the terminal current of dipole m under tranfmitt\nq

conditions, It is defined by the inteqral of J

it's terminals and over it's width,

The mutuq& impedance between dipoles m and n is determined by the
relation

ay

i st L il
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Figure C-1. The geometry involving two electric surface o

l dipoles in free space. i
b

v i

- mn 1,

l Tom = - -(—YI - (C-4) !

{

l where l("’ is the terminal current of surface dipole n. Comhining %s

Equations /C-2) and (C-4) yields -

I R p— I yzy - T oly,2)dy dz (C-5)

‘mn I?mStIZﬁT m M Ys n-' : i
1

l The electric field radiated by sourgg J, can be expressed in terms =

nf the magnetic vector potential as :

o i i i i 1 oA i 2 e e

R W




( = aju s WV -
Favaz) = (s m“)xn(y,z) (C-6)
A1
where
R vy =y [f nn(v‘,z'\ . Go(v,v';z,z')dy' dz' (C-7)
n

is the magnetic vector potentia) due to source Un.

In Equation 59-7) EO is the free-space dyadic Green's function and
is given hy

e ——— e e

LN ENEPN

GO(Y.Y';7,7') = [xx+yy+ ; i]

Substituting Fquation (C-7) into (C-6) yields

E(v.2) = (-ju:u + szd;é)ff J vtz - T olyay'iz,z' )y dz®
(C-9}

Next, substitute Equations (C-?) and (C-R) into Equation ((C-9)
with the result

A b
Sz+ » Sy*’
, - A
tn(\,l) = In (-qu + m) _r I
a
573 Sy" K

b4 fn(z‘)gn(y')

Gyly,y'iz,z')dy' dz (c-10)

where

O—Jﬂjb‘-y‘ 1or(z-24)?

a?




[liid
b

i

o Dl el i

b

is the free-space scalar Green's function. Equation (C-10) can
also he erpressed as

el bt i el i i

Elve) =1 f b gn(y')[<Lqu + ggé') S \ 2f (2')
S

Go(y.y';z.Z')dZ‘}dy (C-11)

where the bracketed quantity in Cquation (C-11) represents the

glectric field radiated by a 1ine source with current distribution

7 f (z'). This quantity will be denoted by e (y y';2), Thus,

Equ§t1on (C-11) becomes -

b - 3
§y+§

Ely,2) = 1 j (v') e (y,y'i2)dy’ (C-12)
v

b
?

T T T AT TN U 5 45 A S AImamis o8 . T #5411 1+ e . ,

Substituting fquations (C-1) and (C-1?) into Equation (C-5) yields

E h a
o LI S 77
- Ton = - NONOE Ib ra fn(2Vap(y)
i 5h
b b
, [Sy* 3 . ]
' l [ o9n(y )28 (y,y';2)dy'| dz dy (C-13)
) )
: ] 57
i | l Interchanging the order of integration on z and y' in Equation ; ';
i (C~13) gives the result P4
- 3
! b b ;
3 S + a 1 g
. LI O 51 € B A B TS A 3
'y a SR .
o { fm(c)z ov alyey .L,HL}J,' N (C-14) ; g
» a3 |
- 5
X Cod
|




! The hracketed quantity in Equation (C-14) represents the mutual

: impedance hetween two line sources with current distributions f(2)
and t (2'Y. This quantity will be denoted by 7. n(|_y-y'|; Sl).
Thus, Equation (C-14) becomes '

b b
S +
11 y 2?2
m n [) ] . L]
Ton = - v f I In( V)0 Ly )zm‘n(|y-y| iS,0dy dy
("l) \ ot . h b
! ! A I

(C-15)

In qeneral, Fguation (C-18) is evaluated by a four-fold numerical
integration which tnvolves a great deal of computation,

For the case when f_(2) and f _(2) have piecewise-sinusotdal
. . . . n
distributions, that is,

, a

SH\R(T’ - IZI) A a

fm(” e 2 <w (C-16)
sin R » i ‘

oL A
¥ fpf2') = ooy sy e 20 <y (C-17)
4 sin R »
|
%3 the mutual impedance z (ly-y*]:S.) can be evaluated in closed
4 form in terms of sine Ind cosine iﬁteqra1s. A computer ppqaram
g which does this is qiven in a report by Costello and Munk™, A
3 similar forwala for z (ly-v*'1:S,) has been derived and programmed
ri by Richmond ", The t8final currbnts in Equation (C-15) are found
i by integrating the currents given by Equations (C-1) and (C-?)
i at the terminals and over their widths, that is,
| ;
, (L
(m) ™ _ -
{ I f . Ly fn(0)9, (2)dy (C-18)
; - A
§
'
# aa
.
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b
Sy- 3

For the piecewise sinuso‘dal-uniform surface current distributtion
used in Chapter 111 let gm(y) . gn(y')-l, then fram Equations (C-
18) and (C-19)

t
p(m- b (C-20)

f(n Ih o (L-71)

Qubstituting Fquations (C-?0) and (C-71) into Fquation (C-19) vields
Sv+h/? bh/?

1 WL r r

‘ _ (fy-y'1:S, )y dv' . (C-22)
mn gv'h/? ko ?

“m,n

The douhle inteqral in Fquatton (C=??) involves a lenathv compu-
tation.dkut can be reduced to a single integral in the following
manner:

Constder the y,y' axes redrawn in Figure C-?. The square PORS
is the range of the double integration, Next, consider the 1ine
y' wy+cor |y -y|*|c| = constant, The mutual impedance

2 (ly -yl S.) is thus a constant along the 1ine y'=y+c. This
oRaBrvation suqabsts the following transformation: Let

u= J2(y+y") y = lf (u-v)

1 (C-23)
v =J2(-yty') y' = — (u +v)
then Jy-y'| = /7?|vl.
This transformation represents a rotation of fortv-five dearees
tfor the y,y' axes {relabeled as u,v) as shown in Iigure (-3, Next,

the diffnrontia\ngrva dy dy' is transformed according to the fol-
Towing relation:

as




P Sye Y2 i////y'-y*c
%rcsy
S sy-b/, R
— Y

Fiqure C-?, In the yy' plane the square PORS represents
the range nf integration in Equation (C-22),

dy dy' = ‘J (ytl%~)\ du dv (C-24}
where
¥ o7
. u v
J (Lt = i (C-25)
u,v i
* ay' ] z' .
Ju av |

is the Jacobian of the transformation.

From Cquations (C-23) and (C-25) it follows that

(M)
u,v
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Figure C-3. A forty-five degree ratation of the v,y' axes
results in the u,v axes that are used in reducing
Equation {C-22) to a single inteqral,
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Equation (C-25) can now be wiritten as
1 Vq uh(v)
? = -

— f 2, n(/ 2w » 5, ) du dy
b \'1 u"(v) *

where, fran Fiqure (-3

S -h Sv Sv*b
uy = Lee- u, = = Uy = ~o—m-
‘ [ > e AN
S - ) S +h
v = —-.h_ - v = :.V v = :..Y. -
1 I LS 3 I3
“a{V) Supt vevs o, u (V) = uq - |vev, |

(C-26)

Since the integrand in Equation (C-26) is independent of u it is
clear that it is only neocessary to integrate over half the range

and analtiply the result by two, thus

, Vq uh(v) .
Ton = > ! I lm.n(f 2 v] S du dv
b 2 U,
S0 S +b
Y _ [ y
n ND e . J; .
"o f 7 2 pvas, u
h.' S--h m'n | ) - S.
.. Ty
J? /3
S +b
A
" J? ; < 3
= r L = |v- —- ? r 2 |
h S i J° L) m,n v
A
V7
an

<
‘
|

(\
L

dy

o gl gl
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The integrand in Cquation (C-27) is an even function ahout v = —rl"_
S0 S _+b ‘ J2?
4 2 b El -
/ .
2o f (—-{-lv- " )Im'n(q 2 |v| .Sz\dv.
b q 4 € J(
" (C-28)

~

J

By Simpson's ru!e“7 Equation (C-22) becomes

? -2 Av N?M E—Jv - X 2 f,/w" fv 1:S.)
mn 67 Bk kel ( 5Lk ) m,n LR
(C-29)
where
b/ 2

AV TRMAXS o
LG sy/j? + Av(k-1)
KMAX is the number of sample points.

v

Equation (C-29) is the desived expression for determining the mutual

free space

n in Equation (3-7).

impedance Zm
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APPENDIX D
THE MUTUAL ADMITTANCE BETWEEN A MAGNFTIC SURFACE DIPOLF
AND AN INFINITE PLANAR ARRAY OF MAGNETIC SURFACE DIPOLCS

This appendix considers the calculation of the mutual admit-
tance hetween an exterior rectangular magnetic surface dipole and
an infinite array of rectanqular maanetic surface dipoles., This
calculation is used in evaluating the wavegquide mutual admittancas
in (hapter 111, see Fquations {2-2), (3-9), and (3-10}. The arrav
configuration is shown in Figure -1, The oupression for mutual
adrnittance will be obtained by using the dual of the definition
of mutual impedance.

The mutual impedance between an infinite array of electric
surtace dipoles and an exteriosgelectric surface dipole can be
found in the following manner: Let E rewresent the olectr ¢

fiald radiated by the infinite array an (x,z) be the electric
current density functivn of the reference 81emont of the array
under trancmitting conditions, Next, let J (x,z) he the electric
current density function of the extPrlor =lSment under transmitting
conditions. The voltage induced across L terminals of the ex-
terior element when the field from the arrav is incident is given
by (see Fquation (C-3))

= . I3 - Y . ( D=
Veq ?Ta? ffe E,(x,-d,2 Ue x,2z) dx dz D-1)
where
I(a) is the terminal current f. Ua'

The mutual impedance between the exterior element and the array
is then given by (see Equation (C-4))

v
- n.n
Zaa ;Té\ (0-7)
where l(e) is the terminal current for Ue'

Substituting Equation (D-1)} into (0-2) yields

- 1 T .
Zon * - 'TET{(e) fr [a(x,~d,7\ 3e(x,z\dx dz

e
(0-3)
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By taking the dual of Equation (D-3) the mutual admittance is found
to be

v

_ 1
Yea ™ - ROMOI ffe R,(x,-d,2) « Bo(x,2)dx dz

HM

(D-4)

where Ha(x,-d,z) is the magnetic field radiated by an infinite
array of magnetic surface sources,

K(a) and K(e) are the terminal currents of the magnetic current
densities M_ and M _,
a e
The magnetic current densities that will be considered here
are rectangular piecewise sinusoidal-uniform surface sources (with
half-length ¢ = L/N and width w = w/Nw), that is,

sinRig -] x |\

(N T I AN ””‘“‘Mu\‘MWWWMMWW&MWHW

Mafx,z\ * x Ky <TraR £ <X <8
Decz<w (D-5)
X crk SinBL R - [x=x']) oL b oyt
elx12) = x Ko T g1 MRS A

z':ziw+z' (D-6)

where, from Chapter 111,

L is the length of the wavequide (see Figure 3-1) and W
is the width,

Nl'l is the number of bases along the length, and

NH is the number of bases along the width,

! From Appendir A, Equation (A-33), the x-component of the magnetic :

o field radiated by an infinite array of rectangular surface sources o

o with plecewise sinusnidal-uniform current distribution is given by

on

. 1 ° ?
Hy (x,-d,2) = - ;*“76‘6" ] ) ) _Zw (1-fr) )
X nB Uz MoTme M=
-JRx r -
. P?(n],n?)e X _::_ o Rz l“z (D-7)
y
1n2
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where P,(ny,n,) is the pattern function for the current dis-
tribbtibn in Cquation (D-5) given by Equation (A-3?),
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To simplify the mutual admittance calculation the exterior element
is shifted from (x',2') to (N,0) and the reference element of the
infinite array 1s shifted to the location (-x',-z'), From fquations
N-5) and (D-RY the terminal currents are

bt fpdeaes  besst Game el BEE ERE B o
~
>
i
["g
>
-
=
9

(ay " : (D-R)
. ‘ M = \
O K =0 M 0,2)d2 = w K,
v? ( W
j - - K'Y e [ M (0,202 = w K, (D-9)
G 0 e e
i § = Substituting the above information into Equation (0D-1) yields
' 1 w @ (1 - (Y'x)))
S Y S e e e —m g - T
R (34} ¢ 1 : . r
. N H , * = -y LY
- nt Dxnz" n, M y
- W “JR(x=x') r
k1 . e osinB(e -x]) X
£ "ot IO {n ST pe )
L
¥ -R(z-2') r,
AN ‘e dx dz (D-10)
by . '
¥ [ P,,(n‘,n,,\
r 3 The double integral in Fquation (D-10) {5 simply —--, S--- | that
! -
- is, the pattern function under transmitting conditions fnote Pl(n Wn,)

"%7 = P5(n,,n,) where * means conjugate), Thus, E€quation (D-10) sqmpxifies
¥ to @he deSired result
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APPENDIX E
THE EXCITATION CURRENT MATRIX ELEMENT CALCULATION

In this appendix an expression is obtained for evaluating
an element of the current excitation matrix in Fquation (3-4) for
the aperture reqion of the probe-fed cavity-backed siou antenna
shown in Fiqure 3-2. In Chapter IIl the exc'tation current was de-

fined as
<n"‘.n:.\
lm - —Krﬂ——“ (E-])
where Mm is an expansion function,

k(™ is the terminal current for Hm' and

H‘ is the magretic field incident upon the aperture due
t8 the probe source in the wavequide,

The incident magnetic field is obtained by first using the method
of images to replace the probe and the cavity-hacked wavequide

by two infinite arrays of dipoles. Infinite arrqy techniques are
then used to obtain a plane wave expansfon for H ., Using the inner
product defined by Equation (3-5) the excitationcurrent can be
expressed as

1 1
by = T [f R, W odxdz . (E-2)
m

In Equation (E-?) an assumption is that some propagating mode is
incident on the aperture due to the probe source in the wavequide.
Furthermore, Equation (€-?) is valid for a perfect electric con-
ductor covering the aperture. For convenience the perfect con-
ductor can be removed and the magnetic current Hm doubled by imaqe

theory, Equation (E-2) then becomes
1= RLR ax e (£-3)
m ;Tm\-- m " x ‘
m
where F‘ i{s the x component of the magnetic field radiated

h§ the probe source in the cavity-backed wavequide.
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The ahove expression can also be obtained from bagic antenna princi- %';
ples as follows: An x-directed line?r dipole mode m is shown in T ;{‘
Figure E-1. Let an electric field T’ be incidengoupon 1t. The ;i 23
voltage induced across its terminals is qgiven by T 33
v Lt R e (E-4) i
mdipole ;Tm) Tt m
3
where I (x) {s the current distribution of dipole m under trans- Wt
mitting conditions,
X(m\ is the terminal current, 1
.3
Next, let the same electric field he incident on the strip dipole
mode m shown in Figure £-1, The induced voltage across the ter- v
minals of this mode is !
S § A AT (xVdx dz !
mstrip Sijdz -2 m ;
dipole ]
. e (x) d |
™ mi X/ OX (E-5) |
where, J (x) s the current density of strip dipole m under B
tWansmitting conditions
P 3™ 45 the terminal current density. E,
E Finally, let the incident electric field 11luminate a rectangular ,
; dipole mode of width w and length 22 shown in Figure E-1. The i
: induced voltage across the terminals can be found by integrating i
i the strip dipole of width dz over the width of the rectangular
] dipole, so
: rw \ rt R .
q v = e-— [ BT x J (x,2Vdx dz . .
d mrectangu]ar 0 tThy(O.z) -2 m -
£ dipole
(£-6)

For the particular case where the current density 1s not a function
of 7, Equation (£-6) simplifies to
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wd

1 S
v il ¢ SO TE x 3 (xVdx dz . (E-7)
mrectangu]ar J m) 0 -& m A

dipole CoE

The above quintity has units of volt-meters, To obtain volts it  ! :
is necessary to divide by the width w of the dipole, with the re- i ’
sutt i .

WoRo_o.a %
J o Et x 3 (x)dx dz, (E-8)

v 2l
Jm,
0 %

mrectangu]ar
dipole

but I(m5 = J(m)w S0

AT I ]
V = E'* x J (x)dx dz. (E-9)
Mrectangular 1(m IO {2 m
dipole
An expression for the induced current on a reeﬁangular magnetic
dipcle can now be ogéained by taking the dual”” of Equation (E-
9), with the result

I

L . -
1 fw f n—’l .
= x M (x)dx dz. (E~10)
mrectangu1ar ;Xh) 0 -2 m i
dipole B

Equation (E-10) 1s seen to be equal to Equation (E-2). .

Using Equation (E-10), with the incident magnetic field H) =
due to the probe source in the rectangular cavity-backed wavegﬁide, :

the excitation current matrix element | _ (see Figure E-2) is found
as follows: The x-component of the magWetic field radiated by

a linear monopole of length h, with assumed sinusoidal distribu-
tion, in a rectangular cavitys?acked waveauidc has been derived

in detail in a previous paper” . This was done by first using
imaqe theory to replace the probe and the cavity-backed waveguide
with equivalent sources. The equivalent sources for this problem
are two infinite arrays of dipoles as shown in Fiqure E-3, Infi-
nite array techniques were then used to obtain the magnetic field .
in terms of the following plane wave expansion, which represents -
all possible modes (propagating and evanescent) in the waveguide,
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Figure E-?. Introducing a reference dipole and probe.

. 1 1 ® :
1 0 N m
H (x,-d,2) = gy} < py(ny)
X 8 mhzo n?z).;n nlsz.:m 1 1
-J8 x r1 i i
J x -JA(mec+d)r, -JBz v, (E-11) 3
< e e Y e B

1 is the terminal current of the probe and 15 assumed to =
h& one ampere,

i _ 1 A
rx-(n2+7)r_-

i A
> MW 3
r; = /1 (r ) iy

?lcos Rhr ) - coh]
Pyin) = —J;"°—-'“¥£?"— i (€-12)
(1 - (r)%)




ts the pattern function of a single element of the arrvay,
m=0,1 corresponds to the two infinite dipole arrays.

The propagating modes in the wavequide correspond to r! real, Eva-
nescent modes are accounted for when r' hec es imaqianv. There
are otheg,equivalent methods for obtaifing H_, for example by mode
matching ~ and by employing a wavequide Greefl's function™’,

In order to simplify the calculation of I_ the expansion func-
tion M is shifted to the location (0,-d,0), s®e Figure £-2 and
the twd infinite arravs of dipoles are shifted by the amount
(-x',0,-2'). Note that in Figure E-3 the magnetic current is
douhled at the aperture due to the perfect electric conductor,
thus ?M _ should be used in Equation (E-10). For rectangular piece-

wise sihusoidal-uniform surface expansion functions with half
length & and width w

Moaooxk SinB8(E - X)) -p < X
X S

ART "~ (E-13)

I

i

where 2

No-1 is the number of expansion functions along the length
o% the aperture, and N is the number of expansion func-
tions along the width.

By integrating M_ over it's width and at it's terminals the termi-
nal current in CQuation (E-1) is found to be

k(M . fw M (0)dx = -w K (E-14)
gm m

In reference to Equation f£-11) note that

i . i . i
1 . -igimced)r -Jjrdr -jr?cr
T ™M e Y=eo Y(1 - e Yy,
m=0

Substituting the above quantities into Fquation (E-10) yields
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Ulsing fquations (B-6Y and fR-9), Equation (E-15) can he expressed
as

10 « @ t -der] -jR?cr;
[ = —— ) Y opy(n)P,(ny,n,) e T(1-e .
m gy M ! 172V 2
I3 LWw n,,--mn]--w
MRS ri jez! ri
" e X e ? (E-16)
where Pq(nl.no) is given by Equation (B-9)

Equation (E-16) is the desired expression for computing values
of 1 .
m
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% , APPENDIX T
E THE METHOD OF WEIGHTED RESIDUALS

. _ ) . 3
In thic appendix the method of weighted rosmdnals'a {commonly

referved to as the method of moments) is presented. This method =
- 1s used to ohtain an approximate solution for operator equations =
of the form :
H =
(yY = \ -1
Lop $ix fix (F-1

i- where L o 1s some operator. The approximate solution for the func-
tion o(&? is found by using the trial function expansion

(R4

g0 = Y C () (F-2)

i=]
‘- where N i1s the number of unknowns and C. 1s the unknown coefficient
associated with the trial function ¢i(x.. The residual is defined
over some interval [Q,R] as

C.1

_ ) - f(x) (F-3)

[T 4

. . (
R{x) i - op 8 {x
The residual represents the dirference between the approximate
solution 3 (x) and the true solution ¢{x). The N coefficients
(‘.i are det8rmined by the N equations

f

[ w () Ridx =0, J=1,2,,.,,N (F-4)
a

. where w.{x) is a weighting function. The integral in Eouation (F-

: a) représents an attempt to minimize the difference between the
approximate and true solutions with respect to a given weighting
function. The amount of error ia the approximate solution depends
on how well the t~ial and weighting functions model a desired proh-
lem. For the case when the weighting functions are chosen equal

to the trialqgunction {Galerkin's method} the error will be of
second order >, That is, for a ten percent error in the trial
function the approximate solution will have a one percen. error
with respect to the actual solution®é.

To reduce the integral equation in tquation (F-4) to a system
of simultaneous equations, substitute Equation (F-3) into fquation
(F-4) which yields
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R N
. f ; = \ - ¢ -
! hj\x) } L#'op‘j‘i(x’ f(xdv - 0
o 1=1 J
jzlt"v---lN (F'R)
or
R N ]
. ! v f\ z
f oy () ) C\'Lolw"i Yax = Nj(x\f(x\dx
a i=1 o

RS T (FoR)

Next o interchanae the order of integration and sumnation in fquation
(F-RY with the result

. . "? ) , o X , '
.} o, f wj\x\ch¢i\x\d\ = T wj\‘\f(x)dx
i1 Q 0 )
i=1,7,...,N (F-M)
efine
Y : ) Vd (F-8
i " ! w].(x,LOp.:\i(x X (F-8)
a
and
B )
11 = rwi(x)f(x)d\ (F-9)

a

Substituting Equations (F-8) and (F-9) into Equation (F-7) yields
the compact faorm

N
1.5‘1 C\'Y1j = IJ 3:1’7,...,N . (F-IO)

In matrix notation the solution for the coefficients Ci can he
oxpressed by matrix inversion as

() = e (F-11)
If Galerkin's method is used sot w.ix) = 4. (x) in Equations (F-

Q) and (F-9), That ig, the wviqhtjfunrtioﬂ and the trial function
are the same in Galerkin's method.
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APPENDIX G
INFINITE WAVEGUIDE: TEST CASE

In this appendix the theory introduced in Chapters I and

111 and Appendices A through F will be applied to the infinitely
lona rectanqular wavequide shown in Fiqure G-1, The probe source
is assumed to be operating such that the TE,. mode is generated.
Since the wavequide extends to tnfinity (wilR no discontinuities)
the dominant mode will continue to propagate in the -y direction
with transmission coefficient equal to one. The above mentioned
theory will be used to verify that this is true at y=-d.

The first ctep in the solution is to place a perfect electric
conductor in the wav2quide at y=-d. Next, magnetic current sheets
M_and -M_ are placed on the left and right .ides of the conductor.
TRis results in the equivalent situations for regions wg, and wg
shown in Figure G-2, Only one piecewise sinusoidal-unifOrm ex-
pansion function will be used to approximate M_ for convenience.
Thus, the magnetic current can be expressed as

v
21
ﬂs h'(—(l) Hl (G‘l)
where ﬂl is qiven by Equation (3-3),

K(l) = WK, 1is the terminal current found by inteqrating
over the w}dth of Ml’ and

V1 is the unknown constant tu be determined.

Using Fquation {2-10) the unknown voltage response can he expressed
as

h

Vy ———— (G-2)
w9y  Wa,
1.0 Y11

W3y wg,
By .vmmetry Yl,l = YI,I SO

|

h e (6-3)
Y, ]
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Figure G-1,

A probe-fed rectanqular wavequide
extends to infinity,
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The oexcitation current I1 for the TE, , mode can be determined from
Equation (C-16) using n, %0 and n9=0,-?. Expressing I1 in terms
of the incident magnoti& field yteids

1, == ! pko,m (6-1)
2o0x 7
rik

where PN oY i< aiven hy Fquation (B-9) with s,=0, sx=x/905.
The tacter of tome in fquatinn (G-4) arises from a factor of two
because ot the portect conductor and a tactor of two from the twn‘
terms no o, =1, Ine wavequide self gdmittance is found fron Equation
(D-1'5 using x'-0, y'=0, and nlrﬂ, n?=0,-] with the result

Wa, " 'ﬁ—m__;-"—? ”
Yy = =g [ -2 Y 1P (0,0)) (G-5)
LY oW’ ] (?n ) P

X 2 X

where a tactor of two was used to include the effect of the porfect
conductor. Next define the TE 0 transmission coefficient as the
ratio of the x component of th& magnetic field radiated by -M

(at y=-d} to the incident magnetic field {at y==d), that is,

W
Lo

T« XN

t (-M )
oo I (6-6)
H )
X

y=-d

For convenience the transmission confficiont will he caleulated

at the midpoint of the aperture (x = 0, 7 = W/?). From Fquation
(392} with n,=0,n,-0,-1 and x =0 t"e scattored TE,O magnetic field
due to 'Mx at yoed s

W, ) 1 | \ 2 V‘
Hoo' (MY 2 Lo jw (- —- P (0,0),  (G6-7)
X neRonn, “x W

Substituting taquations (G-3), (G-4), and (G-5) into (G-7) yields
' )

.
el - ) st nieh0,000,00,0)
wq] nﬁ ﬂ n [

M x 7

H (- ) =T o— L e e e e Lo e e e mrme e
$ AT AV ey

L 1 -

4 4 N ) RAR]
ni DXD?W j ( 'x
(G-8)
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which reduces to
H V(M) = H (6=9)
X 3 S

Suhstituting Equation (G-9) into (G-6) ylelds T = 1 as desired.
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APPENDIX H
9 x % ARKAY OF SQUARE APERTURES: CONVERGENCE TEST fOR
REQUIRED NUMBER OF OVERLAPPING PIECEWISE SINUSOIDAL
[XPANSION FUNCTIONS PER APERTURE

This appendix addresses the problem of determining the required
mmbher of overlapping plecewise sinusaidal expansion functions
per aperture in a finite arrav such that the aperture reflection
coefficients have converqed, Square arrav elements with aperture
lTengths 1=0,5714 gare assumed, It §s assumed that to obtain a
reflection caefficient that has converqed (but not necessarily
to the correct value) the required numbher of overlapping piecewise-
sinusoidal expansion functions will he independent of the number
of pulse expansion functions used in the transverse direction,
Thus, one pulse expansion function is used alonq the aperture width
(E-plane) for convenience. An additional assumption is that
the convergence in either expansion direction will be about the
same for each of the finite arrays of sizes 3x3, 5x5, 7x7, 9x9,
and 11x11 with efther square or rectangular elements (L=0.5714)).

A 5x5 array of square elements was chosen as 2 tes* case,
Reflaction coefficients for one and three piecewise sinusoidal
expansion fgnctions were comguted for £, H, and quasi-E-plane scan
angles of 0° (broadside), 30", and 60°. The results are presented
in Figures H-1 through H-8. Generally, the data shows that the
magnitudes of the reflection coefficients for ane and three piece-
wise sinusoids are within a few percent of each other and the phases
of the reflection coefficients within a few degrees. Thus, one
piecewise sinusoidal expansion function should provide good re-
flaction coefficient data for small finite arrays if L = 0,57\,

This approximation is used in the finite arrays dealt with in Chap-
ter 1V,




5x5 Array

1 piecewise sinusoidal
expansion function

CENTER COLUMN

071 .11 | .09
| 56011322 -1199

.21 .04 2
-61°] -81°| -ar

g0l .1 1 19
L:149° -16(1 -1549

E-plane
pé
(Broadside)

5x5 array: reflect
convergence test.

Figure H-1.
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3 piecewise sinusoidal
expansion functions

CENTER COLUMN

'

07 | g0
-1369 -1709

19 | .23 | .76
-85° | -0a®

. q . 0. 0?() 0
-141 -16341 -158

fon coefficient




x5 Arrav

1 piecewise sinusoidal 3 plecewise sinusoidal
expansion function expansion functions :
CENTER COLUMN CENTER COLUMN o
.
1 | i
. r r ]
: .20, .24 1.29 .20 24 | .30 ;
- o 0 3440 ) i
: 152° |146° | 164 150° | 144° | 163 S
.27 .33 .41 26 | .38 | .42
-156°| ~161° -160° -1579 -1649 -161°
1
E .23 0 .27 o .38 0 .23 f?;o 38
3 -138 -142 -144 -1399 -IQQ_*
22 .26 | .34 o 22 |.26 .34
-146 -156 -147 -146 158 190 |
i
.35 .43 | .46 .35 .43 o .46 =
¥ 1309 -142% -137° 2130%{-144°}-140°
t-plane P
33

Figure H-2. 5x5 array: Reflection coefficient
convergence test,




Lialuta o tils ol SN

L7 I

1 plecewise sinusoidal

expansion function

5x8 Array

CENTER COLUMN

l

— —
.44 | .60 | .50
160° | 154° | 154°
57 1.74_| .63
168° | 161° | 164°
60 1.79 | .67

0 0 0
162° |1
169° | 162° | 166° |
.58 | .75 | .65
189° | 162° | 165°
46 | .62 | .53
163°% | 1579 [ 157°
Figure H-3,

E-plane
608

5x5 array:

127

3 piecewise sinusoidal
expansion functions

CENTER COLUMN

|

.44
160°

.61
154°

52 ]

153°

168°

.74
160°

.63
163°

.60
169°

.79
161°

.69
164°

JE———

.58
160°

.76
161°

.67
163°

.46
163°

.63

157°

.56
155°

reflection coefficient
convergence test,

R " Y fid ;
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|
|

Fdio

B

5x5 Array

H-plane 30° i .

1 piecewise sinusoidal
expansion function

idlw‘wmiMWWMWLM@WhMWNMWWJMw ;

—_—— ,, —— g e

I R B I B
16 A7 0 .14 10150 .20 e — CENTER ROW
L_3§__, _-871-10° | 127 | -44°
| ' .
17 1.3 (.3 .33
.;g“j_ 0°] -49)| -4%]-27°

l
10 .08 .06 5
8_0__L -7° J __-@"J-_?.@iLAL

=
. - . )
; ‘MMWM\mmwﬁum&wwﬁiwEWMMMMMWWMWMMMM

3 piecewise sinusoidal
expansion functions

' 18 |.1
. 19 1.16_ 1.17_ [.21

|

, .20 1,31 |.38 |38 | .42
; 159) 30 |7-40 |40 | 250
:

. .10 |.08_  |.07 08 .16
i 65°[-15° |-21° |-28° |-68°
L Fiqure H-A, &xS array. reflection coefficient f

convergence test.
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- —=——— = == == ST e — = - = e e e A R i-% ‘
It 3
! ]
r i
i
£ ' 5x5 Arrayo i
h H-plane 60 i
. l 1 piecewise sinusoidal 4
. l expansion function 1
! 28 38 40 1 38 26 ;
' 00 | "0 "o00| ol Top0 tea—— CENTER ROW -
! 25 | .38 | .30 | .38 | .25
l 270 | 1a°| 179] 159 -s°
. A3 | .24 { .25 | .23 | .13
o l 2370 | -21°] 229 -21°] -40°
.
b l !
i ] 3 piecewise sinusoidal
i expansion functions
i , 1 | 9 ? —— CENTER ROW
i i B 5
| 25 | .37 | .36 1.37 | .25 ]
| 9%} 10°] 13%°] 10 -g° ,
N A3 | .23 | .28 |22 | 13
3 ! 1 -40°] -23°]| -24°} -23°| -1°
El
¥
1
5? l Figure H-6, &x5 array: reflection coefficient
- convergence test.




Sx5 Array

: 1 piecewise sinusoidal 3 precewise sinusoiadl
: expansion function expansion functions
: CENTER COLUMN CENTER COLUMN
; |
3 17 17 — A
+ + 4 t t ¢
t t |+ T L B
| Jov e e
g | 26 .38 .40 ) 7 Q
‘ _{o 00 | "-20 ._20 .3‘0 ‘350
; s TR B e R s et
| 2?5 1 .38 | .19 25 1,37 .36
# 60 150 12® 290 1102 | 1@
| 13 23 28 12 27 2
| 2300 | 20 | 2220 -410 [-23° :530
i Quasi-E-plane =
1 o®
k. (Broadside) 3
Figure H-6, 6xS array: reflection coefficient
converqgence test, 3
126 7




T Ao 1 T RS MR B

5x5 Array

{5 [ 181],
[ ]
h i ;_w@mwuww%ﬁi )
o b et b il

! piecewise sinusoidal 3 piecewise sinusoidal
expansion function expansion functions

E

CENTER COLUMN CENTER COLUMN

} !

- f -

.18 .10 .08 | .18 .10 .09 !
“178% 168 150° | 21759 1780 | 1590 | -

ik

. o A T T
Lonma e oy L ] aum [
[ TR Y

ol i 1

ol b e b e

20 1.1 .08 20 .12 .09
-128° -85° | -g0° 21279 Z8q® | ~940
— —
17 | .08 .07
=z A7 .08 .06 of * ol 0
3 1990{ 1q10 | 290 -121% -86" [ -101
j 1229 -81° | -87° | 1] -86_|-101 |
19 14 14
Ao Loe R 19 G400 14
. 0 ) 0 ~1137] -88" | -95
1137} - Q
| -113% -86° | 90 |
v 0 | .38 | .14
2 L35 (.38 . . .
—820 -58° | -5a° -88° | -61° | -63°
} Quasi-g-plane
‘ 30 :
% Fiqure H-7, &x5 array: reflection coefficient i

converqence test.
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B e
‘hu b

5x5 Array

1 piecewise sinusoidal 3 piecewise sinusoidal éé

axpansion function expansion functians i
CENTER COLUMN CENTER COLUMN -
L wi. | E
5 (o - r - ! =
g [ 21 a1 | .47 :.20 36 .42
‘} 21319 J104 _-98°I ‘-135° -104°|-97° |
£ i :
e | | c i
1 .39 ] .54, .58 37 51099 oot
b 1.140°{-117° 1-113°| -143°| -118°[-114°]
E I‘ — 9 —_— - —_—

.43 l.s7 1.60 .41 .52 |.54

E 1-139°]-116°|-113° Fl“‘." -117°) 1147
t . 7 I
i .39 ,.53 .57 }.38 o .49 o 51 0
§ 141°1-116°|-112° L:}44 -117%-112

-
3 » !
E ‘ 22 |.41 47 21 1.36 .42

e ‘. n L] 0 L] o 0 0 0

. (=132 j-100"|-0a" | ,-138 -1 ‘93A4j

Quasi-g-p1ane
)

Figure H-8, 6x5 arrav: refiection coefficient )
convergence test, :
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APPENDIX 1

REFLECTION COEFFICIENT TABULATION: QUASI-E-PLANE SCANNING
WITH SQUARE WAVEGUIDF-FED APERTURES, L=0,A714).

| R Y]

g

@ muag

120

GED PED pEmm posd g e

¢
t
?
i
i
z




|
I
)

y i
i

7 Y

.06 11 06
20° | 70° |

123 1,25 1,23 L 0°

1105° | 90° |105°_| (Broadside)

i
1206 111 Los |

(.207 1 20° [ 20° ]

B~ ;
33 .42 1.33
ad° |17 |10
54 |.e4 |.5a | 60°
-92° 1-83° |-92°
13 .43 (.33

010 |-70° |-m:° :

Figure 1-1, Reflection coefficients for elements
in a Ix3 phased array,
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x5 array 7 pulses/aperture

CENTER COLUMN

JUE—— .

+ ¢ + T

b g+ o e e e —r—

A7 lar (a8 o
| 93% | 53% | 430 | (Broadside)
A7 1.6 116

1080 | 80% | 75°

07 |12 |
679 | <10° | -14°

Quasi-E-plane

CENTER COLUMN

) .54 | .60
-77° :§3° -60°

.66 1.93 1.0 | 60°

Fiqure 1-?. Reflection coefficients for elements
in a 5x5 phased array.
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7x7 array 7 pulses/aperture

CENTER COi UMN

|
’i"T

4 ¢ + 4
-
¥ t + t
—_—t — - - —d
+ ) 3 ¢+ ¥
a6 laz L. lao ]
99% | 60° | 450 | 390

-_“ﬂ' N 4 —

A7 1S |16 .15
103‘1! 620 | 4a% | an® |
|
Jd8 14 111110
167 R70 1 7R7 | 73

01 .10 s
1 106° | -22° | -20° | 2317 |

Quasi-E-plane
0° (Broadside)

Figure 1-3. Reflection coefficients for elements
in a 7x7 phased array.

139




Wil .

7x7 array 7 pulses/aperture
CENTER COLUMN
.33 (.53 |.62_ |.64
-80° | -62° | -56° | -54°
.58 (.84 |.96_ |.99
-81° | -68° | .62° | -60°
.60 1.93 |1.07]1.11
| -74° | -63° | 579 -56°
.59 .93 |1.08 |1.12
-73% | -61° [ -56° -54°
.60 |.92 [1.05[1.09
-75%1.63°| -579 -55°
.58 | .83 .93 |.96
-87% | -67° | -61° | -50°
.33 1.52_|.60_|.62
-79% | -60° | -54° | _51°
Quas1-E6p1ane
60

Figure I-4.

Reflection coefficients for elements
in a 7x7 phased array.
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E
£
é 9x9 array 7 pulses/aperture
3
4

CENTER COLUMN

1

+ + 4 ) 4
+ ' 4 + 4
+ + 4 ' 4
ol ]
4 + + + +
O6 2 1 ]t
113? _ 74°4 56° | 48°, 46°
As | 13 | 10 | .00 | .09
103°] 66°| a8®| 23°| 27°
—_ - [ S -
A8 1 16| 13 |13 | e
103°| 67°| 00| 410 39°
Ao | .14 | .1 | .09 | .08
120°| "a6°| 89°| 86°| 84°
.02.| .09 | .14 | .15 | .16
120°| -24°| -35°] -40° | -42°
ans1-E-p1ane
0" (Broadside)

Figqure I-5.

Reflection coefficients for elements
in a 9x9 phased arrav.
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CENTER COLUMN

: l 9x9 array 7 pulses/aperture

36 1.3 |61 | .62 | .61
-80° |-64° |-58° | -54°] -53

] 59 1.85 .95 {.96 | .9
! : -82° |-69° |-62° | -58°| -57°
i 61 o1 lt.0a |1.07] 1.0
K -76° |-64° | -56° -525 -516
- .56 1.89 [1.03 | 1.08]1.0
i : 276% |-61° | -53° -aag -47
§ - &4 |88 {1.02 | 1.072] 1.0
i : 277% 1619 | -53° -486 -asg
.Y RO 1.03 1,071 1.07
; 2780 {2620 | 540 -4a®| -47°
' 61 [.02 [1.02 | 1,085 v.08
2779 1-64° | -57° -qxg -§20
JAD L8R .93 ,a4 , N
P -82% |60 [-62° | -59°| -5R°

.38 |.53. 1.60. |.60. |.A0
2729 |Z62% |-56° |-53° |-52°

T T 5 O

Quasi-g-p1ane
60

Figure 1-6. Reflection coefficients for elements
in a 9x9 phased array.



Lol

~11x11 array 5 pulses/aperture

CENTER COLUMN

'

4 4 4 + } +
+ 4 + 4 + +
SRS SR SN S — A —
+ 4 + 4 + 4
- —— -J>——~-——~<r—- - -T- —_—
L + ¥ 4 ¥ +
U
+ ) ¥ + v + T
9 Lae 1aa] a2 1
100° | 70° | 56° | 44° | 36° | 23°

A7 1as a3 .10 .10 .09
100° | 6% | 56O | 50° | 48° | 47°

-
A7 pas 113 .10 |09 l.ne
aa® | 650 | 520 | 470 | 380 | 350

2N JR JR 158 13 3
of 0

2 17 (a3 (o0 (.00 (L08R
110 | ¢1© 880_4 89° 4 020 | 93°

.04 .0°0 13 [.15 A5 | L6

[EURURI SR SRR SRR SRR SRR

Ogasi-E-plane
0" (Broadside)

Figure I1-7, Reflection coefficients for elements
in a 11x11 phased array.
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11x11 array § pulses/aperture

CENTER COLUMN i

|

3 Ls2 L6 .62 |61 [-60
-82° | -66° | -59° | -57° |-57° |.57°

.55 |.84 .95 .97 |.95 |.94
-84° | -729 | -65° | -62° |-61° {-61°

.57 .91 [1.06 11.06_{1.05 {1.04
-78° | -66° | -60°| -56°| -54°| -53°

.52 .87 |1.02 11.04 |1.03_| 1.0
-79° | .65° | -570| <520 .a9° -4925

.51 1.86 .99 |1.01 | .99 _|.98
-849 | .67° | -57° -515 -48%{-47°

bl it i oottt o o o i i

52 |.86_ |.00 11,00 | .08 .07
-85° | 68° |-57° | -510 -479|-46°

.51 .86 11.00 (1.n2 (1.00 .09
2830 {2660 | 1570| 1510 14g0|l4g®

s

88 11,02 11,05 1.030 1.02

83
l =780 |.65° | 570 .q20| 510 _5q©

L7 (.01 11,04 |1.06 1.03 1.03

-78% |-66° | -60°1 -8R%| -55¢| _5g0°

55 |.83 [.93 |.95 | .93 | .93
-850 |-71° 1-65° [-62° | -61°] -61°

il JMm.umm.mum.‘ﬂu.uMHMWMLMWMAMWMMMM Sl

.30 1.51 {.50 |.60 | .59 | .59
-81° |-63° [-57° |-55° | -550 [ -56°

0uasi-5-p1ane
60

comthun- )

il

(R

Figure 1-8. Reflection coefficients for elements
in a 11x11 phased array.
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APPENDIX J
REFLECTION COEFFICIENT TABULATION: QUASI-E-PLANE SCANNING

WITH RECTANGULAR WAVEGUIDE-FED APERTURES
FOR L/W = 2,25, L=0.5714)
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L ]

g,

3Ix3 array 7 pulses/aperture

Figure J-1.

o

q [N |

PO

A SR FEEg  Seed ey

I
1

"

‘920 ‘E;o '9;0
.17 1 17
-167° -139°% | -167°
'950 '}go '?;o
si-t-plane
(Broadside)

Reflection coefficients for elements

in a 3x3 phased array.
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§x5 array 7 pulses/aperture

CENTER COLUMN

U
] ]
i + L + t
i
I R B
! + ; 4 L
b ~-+—~———+-— -
(I R A 1 .14
| 141° 1 138° |142° |
.12 .03 .01
161° | 148° |158°
12 .26 .28
| -20° | -1a° [-14°

QBasi—E-p]ane
0" (Broadside)

Figure J-2. Reflection coefficients for elements
in a 5x5 phased array.




T e

7x7 array 7 pulses/aperture

CENTER COLUMN

l

! I
' + ¥ 4
v ? v 4
+ ) L+ + T
i | |
350 |n° iore | eee
S E R
Po |2 20 |3
ansﬁ-E-p1ane
0~ (Broadside)

Fiqure J-3.

Reflection coefficients for elements
in a 7x7 phased array.
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L

o il ‘1\

9x9 array 7 pulses/aperture - B

il

Sl o

CENTER COLUMN

|

— B e R S
4 + ¢ 4 ) l

U s s I e = e ——y

bl

bt b ool

+ + 4 + +

Tl i S e (LR

i

+ ' 3 + + %

- ——— —va B ettt TREE L SR i it :i
+ ‘ + ' 'S 1 E

} ——— i e am g s e o S e - e S e c—— , i
.18 .16 .15 .15 .14 5
11a° 77° 65° §° | &0° :
ST e e e e g A\ N s ;i
.19 14 12 .10 .09 :
120° a0® 77° 71° 70° .
18 j 10 .08 04 04 —2

1319 | 127° 148° | -1720 | -1856°

- ———,

RA! .08 10 .13 .14 :
175° .17 © 2060 | 030 -97° =

M 22 .78 .26 .26
I XU I TN =200 | .32 -33°

OBOSi-E-p]ane
0" (Broadside)

Fiqure J-4, Reflection coefficients for elements
in a 9x9 phased array,
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Pt g e Oem SEN HEN GBS

ey gemy

Hv
——

9x9 array 7 pulses/aperture

CENTER COLUMN

1

.53 .54 .58 .61 R?
<127° | _118° -118° -1180 1190
A :8

.31 .35 .40 .43 .46
1380 | -131° -129°  |-127° -176°

.30, .33 39, | .43 .44
-121° -0 -110° 1-109° -108°

.31 .40, 47 .51 .52
-1269 | -113° -108° |-106° -106°

.30 .37 .44 .48 .49

1279 |-113° -108° :-106° -105°

.29, .36 .41 .43 .48
-125% | -102° Z96° | 940 2940

.26, .35 .41 .44 .45
-112° -87° 281° | lgo° -79°

.2 .34 .30 .81 42

-80° -61° 260° | i61° 261°

.30 .41 .44 .44 .44

-15° -17° 2160 2910 -0

Quasi~s-plane
30
Figure J-5. Reflection coefficients for elements

in a 9x9 phased array.
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el

/i mes )

Figqure J-fi,

X9 array 7 pulses/aperture

CENTER COLUMN

I

1o

1.14 1.13 w1,m
0 0 3]
-68° | -64° | ~64" __
.91 .94 .05
TR Y T B T
.1 115 11,16
=567 ] -83 =527 ]
.96 .98 .99
-59° | -8° | -87°
.96 .98 .98
f569“mq 54 ] 537
.90 .03 .94
-60° -50° -59°
6, 77, 77
.87 -56 -56
e — P —
L6R A7 67
-4q° -ag" -aq”
- B — .- .-_._1
H1 A2 R
-0 =70 -27°

.74 1.01%
| -a2¢ -75%
87 A7
-67° | =547
Y 1.01
-4 | -p0"
.68 LaR
L X A
68 .89
f]?i__ :ﬁQg_-‘
.68 P4
273 -63°
A W .737
-74 -60
,an .60
- -50"
,410 )
[}
=20 -1

Refloction coefficients for clements

P PSSR

Quasi-F-plane

fn a Ox0 phased array.
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11x1i array 7 pulses/aperture

CENTER COLUMN

+ 1 ' 4 + %
+ ¢+ + 4 ! + 4
SR S WT S S ,41~,A“.4__4 ]
+ + L t +
é - pim Rathtbtalll SR S
: ' 4 ' 3 % ' 4
; b JSE— — v — - 1|
t 1 l,
P + 4 v+ + + + £
i S S -+ ]
; .20 A5, .14 13 13, ﬁl?
F 108 68 ' 46 37 33 32°
VRS SR SR SN VSR S
.18 .15 13 11 10 10
107° 74° 590 51° 47° 46°
- -—— — -4} ———
17 14 1 .OR .07 .06
13° 91° as® ag® 106¢  [119°
U VAR IS S —
18 RE .OR .07 08 .OR
135° 1750 140° 164° 1700 1.176°
o T T o T T
.08 .08 .10 17
169°  [136° 1 -aa° -9 j.p0® !
— e e e e e ‘—--—-{ — ~-—1
.10 .21 .25 .26 .26 27 '
(=220 ]-M° | <26° [-128° | =30° | “3g°
Quss1-€-p1ane

0" (Broadside)

: Fiqure J-7. Reflection coefficients for elements
! in a 11x11 phased array.
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APPENDIX K

REFLECTION COEFFICIENT TABULATION: E-PLANE SCANNING
WITH SOUARE WAVEGUIDNE-FED APERTURES, L=0,5714)
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e -

=== g Lt e s == = — = — = T T e

_—.3x2 array 7 pulses/aperture

21 .33 .
134° | 148° | 144°

37 | .40, ] .32 n°
128°1132° | 128° | (Broadside)

21 L Lo
144° | 148° | 144°

E-plane

.35 | .47 | .35
178° | 163°| 178°

.28 | .41 | .78
1582 |.2~8% | 151

.07 .18 |.07
-140° | 179 [14n©

Reflectton coefficients for elements

Figqure K-1,
in a 3x3 phased array.
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© o= e ei===- =23x3 array 7 pulses/aperture

Figure K-2,

.32 | .86 1 .32
-154° L177° L1540
43 | .54 | .43
-134% {1500 1 134°
22 | .33 .92
-133° }163° f133°

E-plane
22 .33 |22
-133° |-162° L133°
43 | .53 .43
-1349 L1690 L1240
.33 .46 1 .33
-1549 L1779 [154°

50

80°

Reflection coefficients for elements
in a 3x3 phased array.
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Figure K-3,

&x5 arrav 7 pulses/aperture

CENTER COLUMN

l

00
(Broadside)

CENTER COLUMN

r 1
+ + t

|
t + 1+ T

b—

30 1.37 .33
130° |138° |139°
EREREN
. .38 1.3
128011339 |133°
22 1. (.o
143° |146° |159°

E-plane
r-*—~*---*--l-7
.36 | .44 | .41
177° | 1649 | 178°
.30 | .38 .35
-166% 1770 | -167°
r.ze 37,1 .34
<167 {1779 | -169°
27 1.3 .3
<1619 21779 -1¢5°
N6 5 13
-150° 178° | -165°

Reflection coefficients for elements

30°

in a Sx5 phased array.
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Figure K-4,

CENTER

l

5x5 arrav 7 pulses/aperture

COLUMN

-
.33

.45 .38

-158°|-175°|-146°

1

.48

.58 _|.47

-138°{-158°(-146°

1.49

.47

-134%(-153°

.

.60 _|.49
-144°

R 1 —

.55 .48

-133°%(-150°]-144°

.24

32 .79

-135%{.156°{ .152°

E-plane

CENTER

l

COLUMN

—
.24

g1 79

-135° |-156° |-152°

1

.46

.55 _1.48

-133° L1500 |-144°

.49

.60 _1.49

-134° |-153° |- 144°

ST QRO

.47

.58 _ .47

-138° |158° F146°

.33

45 135

-158° £175° L166°

Reflection coefficients for elements

in a 5x5 phased array.
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)l

7x? array 7 pulses/aperture :
CENTER COLUMN §
4|t 4 * ‘%é
ro| o4 roor
— 3
+ |4 + |+ E

.30 .36 |.33 .35
120° | 136° | 138° |135°

.30 |.36_|.3¢ |.35
129° {1379 | 139° |135°

e i sl g e o i

.32 1.37_ |.3a .36
128° {134° {138° [132°

_ ) —_.——

Figure K-5. Reflection coefficients for alements

w'll!l "N UV TEy VWO TRME TR B em e aTR e e ewT eeene | s

.22 (.30 |.727 |.2a
142° | 147° {151° |145°

£-plane
P

in a 7x7 phased array.
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7x7 array 7 pulses/aperture

CENTER COLUMN

l

36 | .43 | .41 { .40 |
176° { 165° | 176° | 165°
b—
30 1.3 |.27_ |.36
<167° 1 178° [170° | 178°

i
ki Wd‘ » i MWM\ Ll ‘ S i m AT

28 1.35 |.35 |.34
-168° | 179° L168° | 178°

28 1.35 .33 |.34
-168° | 177° |168° | 177°

28 .36 | .33 | .38
-169° 1 177° 1172 | 178°

.27 .35 .33 ].33
-163° -177° [168° £178°

il A, il Lot st

06 | .15 1 .14 | .13
-1562 | 179° |-170° | 180°

E-plane
308

Figure K-6. Reflection coefficients fer elements
in a 7x7 phased array.
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7x7 array 7 pulses/aperture

8 weiop

& g

CENTER COLUMN

|

: 21 | .43 | L3R | .42
1580 [.174° |-168° |-17n°

| 48 | .56 | .a7 | .56
‘ -138°|-158° |-140° |-153°

.49 | .59 | .49 | .58
<1359 [-154° |-148° |-150°

.51 | .60 { .51 _| .58
-135°]-153°% |-148° |-149°

.51 | .59 [ .53 | .57
-134°1-152°1-146° |-148°

.47 | .55 | .51 | .52
-133°{-150°|-145°{-147°

.24 | 32| .30 | .29
-136°|-156° [-162° |-154°

E-plane 3

SO6 :

Figure K-7. Reflection coefficients for elements ;

5 in a 7x7 phased array. %

Sl e

153
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7x7 array 7 pulses/aperture

CENTER COLUMN i

]

28 | .32 | 30 | 00
21360 {-156°|-1510 [.154°

a7 | .55 | .5 | .82
-133°(-150°{-145° |-147°

51 | 60| .53 | .57
-138°].152°(-146° |-148°

.50 | .60 | .51 | .58
-135°]-153°1-.148°(.149°

49 | .59 | .40 | .58
-135°]-154°]-148° |-150°

47 0 .56 | .47 | .56
-139°}.158°|-149°}.153°

33 | .43 | .36 | .42
-158°]-174°|-168°{-170°

E-plane
80a

Figure K-8. Reflection coefficients for elements
in a 7x7 phased array,




9x9 array 7 pulses/aperture

CENTER COLUMN

4 + ¢ % t |
4 + + 4 4
4 + 4 + 4
B t] ¢ 4 +4 t E
i28°(137 |i38° [iza° [i3s°
i200]i370 |138° fi36° [i38°
is0lize° |i3e0 [ids° [izs°
i270]ide° [i370 [i330 fi3°
45001470 liso® [ias® fieo°
E-pgane
Figure K-9, Reflection coefficients for elements

in a 9x9 phased array.




9x9 array 7 pulses/aperture

CENTER COLUMN

'

.37—1.43 42 |.a1 |.a0
175% [165° {1750 [166° |175°
30 L.aw .37 (.36 .37
21679 17a% | 2170%{1700 |_am©
.28 .35 .35 .31 .38
-169°179° | -170°|172° |-170°
28 1.35 |.38 |.33 |.34
-169°/178° |-170°!177° |-170°
28 .38 |.38 |.33 |.34
-169°[178° [-170°]178° |-171°
227 .36 (.33 .33 |.33
-170°/177° |[-171°{178° |-172°
28 [.36 1.33 |.38 |.34
-17190177° |-173°%]179° |-174°
27 1.3 (.33 1.33 |.34
-1/49] -176°| -169°|-174°|-170°
06 116 .14 |.1a |15
-155°180° |-171°}-177°{-173°

Figure K-10.

E-plane
308

Reflection coefficients for elements

in a 9x9 phased array.
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9x9 array 7 pulses/aperture

CENTER COLUMN

l

34 .83 137 a1 |38
21579 21749 21689 21689 -171°

s s s Guad G AN BN

a8 | .56 |.or | .56 | .40
21389 11589 11409 Z1519] D150

.51 | .60 [.54 |.57 |.55
21359 1519 -146°| -149°] -127°

3 50 | .58 | .40 [.57 |.s0
. 21349 21549 11270} 11489 21510
T .50 | .59 |.50 |.57 |.52
o 21359 1539 Z12g0| S147° -1qo° !
.51 .60 |.52 |.57 |.54 !
. -1359 -1539 -148°| -148°| -150° |
. .51 1.61 |.53 |.57 |.55 i
? 1359 11539 -147°] Z140°] 148 ]
| i
!
g

.48 1,56 1.52 1,53 |.53
~1389 21499 -145°| -148°| -145

.29 o .32 o .31 .30 .31
-1369 -155° -152°] -154°] -153°

E-plape
508

] S

Figure K-11, Reflection coafficients “or elements
in 3 9x9 phased array.
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A9 array 7 pulses/aportare

.24
~126°

.An
-1

4]

=

A
13"

LW
12"

NS
RETRY

LH
BRI

N0
—]Jf\n
A0
-130°

tﬂgn

Figure K-17,

CENTER COLUMN

a

.
160
.‘-\"
RIS
R3S
1479
A
1aa"
N1
-150°

A ;’-T
-150"
H0
1517
A9
BINR

R

A .11‘ L0
Aaa a0t Lyge©
. A
A5 e L6
149 1450 Liag?
o R
RO T Y
61011469 149
SR,
15371470 F14a®
N . e o I
RN IR LY,
2153011489 | 1400
.f\n) .!\()‘ Y
Aan3tiorant L1ag®
Anfao | s
21649711479 11an
] ,
Jhh A8 Lhy
1680 [ 140 L1 ©
e . % - - {
A LAz b
76" 16 }160
P - R
[-plage
nn“

Roflectton coefficients for olements
in a 99 phased array.

in®
B

s tmcwn-and



Figure K-13,

11x11 array 5§ pulses/aperture

1 1
+ ¢ t
# t
‘‘‘‘‘‘‘ § S S
+ + t
+ t t
¢ + t
-«—‘—*>--—‘~—‘-~~--’—1
30 16 .33
122 1% 1300
2137 e
2t
a0 |.re | L
122 119§ 130
0 | .36 | .34
1,,.,0 11,,(1 \R:’\‘
= i L7 .14
‘?1 O 1?00 ‘-‘n(ﬁ
Pt 1N .27
160 11430 | 140

Y
130"
.36
1270

.8
140

t-plane
b

. “T
t t
- - ———y
t t
¢ ¢+
¢+ t
-t
t v T
I LR Y
12°° {130
PUIURIOY SRR
Bk O T
1320 16
S e R
VSR Y
132 {130°
B
L 36 L34
1320 [ 130"
ARV O T
1219 {1927°
R R
on | .on
1469 140"

Ret Yection coetficients tor
in an 11x11 phased array.
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vlements



11x11 arrav 5 pulses/aperture

CENTER COLUMN

l

3h 47 .40 M M A0
1679 163°] 16R0| 1520 1570 1509
SRLLAN SR J LA B

2R LR LS s a6 )L
-179°% 160°] 130"} 1699} 1707 170°
‘—"‘__"1’—"— ————— e e

OISO S W S B R O S
-130°] 169 |-180° 16924 170 170°

O

27 381,33 133 )38 ) .32
1180°| 163°|-180°| 169°] 180°| 140°
27 1234 | .32 1,33 ] .33 )L
179°| 168°| 179°| 168° | 178°| 168°

27 1,35 133 1,33 .33 | .33
178°| 1AR°] 178°| 167°| 178°| 167

27 00235 133 1,33 1 .33 1 .33
178°| 168°| 1790L 168°| 178°| 169°
) S ERRANS AL AN IR
27 036 L33 a3 a3
178° 15n 178 1697} 176 170

PG IR0 I KON ISCT BS IPRLE IS It
1727 1680 1779 { 1700 176 1700

| ORI SN -

4

SR BTN B BN IPTU IT B
-174%] 1759|-179° 177 1200 | 177°

.050 .170 140 14 1R .140
-169 L_l]d -]7R H 177 L170 178

...... - JURMIN RSP SRS SRS PR

E-plapge
nH

Figure K-14, Reflection coctficients for elements
in an 11x11 phased array.
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T ———— 1 7 — s o~ 1o

Figure K-15,

11x11 arrayv S pulses/aperture

CENTER COLUMN

l

331 .48 ) .37 1 a1 a0 |39
216671 177°1-176°|-178 -180° [-172°
(46 |56 .47 ) 83 | .49 | 81
-148°(-169°{-160° {-163° |-164° |-16
A7 1 .58 | .48 | .55 | 81 | .53
-145°].166°]-158° |-159° |-162° |-153°
A48 | .58 | .40 | .85 | 62 | &3
-145°(-164°{-158° {-158° |-162° |-157°
A8 1 .59 1 hn | en 83 )63
-146°1.164° {15090 -150 161 ~158
.p .59 | .50 .56 | .63 | .58
-146°1-164°]-159° |-160° -161° |-154°
A8 | .60 |51 | 56 | .53 | .66
-147°1-164° |-160° |-160° £161° L1600
400 R0 q? &7 .54 Rﬁ
214791164 [-150° |.161° L1n® »160
.49 1 R0 164 ) L6 3 ﬁs
-186° |-162° |-158° [160° [150° L1ga°
LE LIS I B L R BT P
-145° |-160° |-156° L1580 k1570 L1480
R0 PR L5 ) U I U IS 3 I
-146° |-164° -‘61 [163° tlﬁ? L162°
E plgne

Reflection coefficients for elaments

in an 11x11 phased array.
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APPENDIX L

REFLECTION COEFFICIENT TABULATION: E-PLANE SCANNING
WITH RECTANGULAR WAVEGUIDE-FED APEPTURES
FOR L /W=2.25, L=0,5714 )

3

3

3

- A
|
3
|
a
3

==

E

T AR Y R

142

5
k|
H
éﬁl
, t




e H

- 2
-

§

o

F

TE

-

3x3 array 7 pulses/aperture

:: E-plane j ;;
. ji 3

' 11 .22 1 -
’ 147 | 147° | 147° -

.36, .50 .36, 0°
167 161 167 (Broadside)

11 .22 1
147° 147° 147°

.44 .55 .44
2157° <173 [-157C !
.21 .31 .21 30°
21599 1 -176°  |-159° 4
14 .07 4 |
170 -31° -17°
|
.66 .76 .66 ;
1279 |-183°  |-127° g

.35 .34 .35 60°
-77° -97° -77°

.20 .07 .20
~30° -46° -30°

N R RTINS
U 2 Bl ot

6

Fiqure L-1. Reflection coefficients for elements
in a *x? phased array.
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éi
E
i 5x5 array 7 pulses/aperture
CENTER COLUMN
i 4 4 4
. + T I
o}
: .37 .44 .38 0
? 134° 134° 141° (Broadside)
L - —
. .31 .39 .35 B
i 1512 | 150° | 157° - 3
.09 .18 .16
169° 167° 176°
E-plane x ?EJ
CENTER COLUMN -
.40 .47 .44 E
-170° 1779 | .an® :
.35 .44 .38 -
1711° 163° 1710 3
.32 '41 .37 [o]
; -164° | -175° | -167° | 0 =
: 2
¥ .25 .34 .31 E
; ‘ -149% | -166° | -156°
i :
& .12 .0 .06
b 30 | 260 -21°
i Figure L-2. Reflection coefficients for elements g
: in a 5x5 phased array. -
. E E.

14




| T

x5 arrav 7 pulses/aperture

B

CENTER COLUMN

1

oot Seed Sud G gEN TN R BN

. .76 .85 .77
) -135° | -148° | -142°
3 .50 .54 .52
i -104° | -119° | -113° g
it
: .55 .59 .56
g -111° | <1279 | -120°
1 .37 .37 .39 A
e 290° | -107° | -102° .
£ 1
%- .2 .13 .15
1 -236 -31° | -34°
; E-plane
i ] 6ob
of
B!
Figure L-3. Reflection coefficients for elements E
3 in a 5x5 phased array,
H Ii 185 |
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QxQ array 7 pulses/aperture

CENTER COLUMN

+

.78
141°

.34
1510

I3
1590

.32
148°

.34
152°

.29
135°

L35
143°

.1
145°

.33
141°

.34
1459

.4
134°

.40
138°

.37
141°

.38
138°

.38
141°

.32
152°

.40
154°

.37
157°

.38
154°

.38
157°

.09
160°

.18
164°

.16
n°

.16
164°

17
170°

‘ o o g
b ik

b b

ki Frot ol

o o Bty oot

4 st s e et
:

E-plane 0° (Broadside)

Figure L-7. Reflection coefficients for elements
in a 9x9 phased array.



9x9 array 7 pulses/aperture

CENTER COLUMN

l

.40 .44 .46, .43 .46
-165° | -175° | -166° | -175° | -166°
.30 .35 .33 .35 .34
167° 160° 171° 161° 170°
.26 .33, .31 32, 31
180° 171 -177 172° | -179°
.32, .39, .35 .37, .36,
173° 164 174° 166° 173°
.32, .39 .35 .37, .36
1730 164° 173° 166° 172°
.35 .43 .40 .41 .41
-179° 173° 174° 174° 178°
.33, .42 .39 .40 .40
21700 | -179° | -174° | -177° | -175°
.23 31, .30, .29, .30,
-147° | -162 -155° | -159° | -157"
.11 .03 .03 .04 .03
-3° 28° 213° 8° -g°
g-plane 30°
Figure L-8. Reflection coefficients for elements

in a 9x9 phased array,.
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Qx9 array 7 pulses/aperture

CENTER COLUMN

R

76 .88 .78, .84 I 80 |
-141 -154 -151 -150 -151°
1 ———e e ———— [ A
.52 .60 .53 .57 .54
-1169 | -132° | -128° | -128° | -129°
—
.64 .73 .65 .70 .66
-124° | -140° | -135° [ -137° | -136°
.58 .64 .59 .62 .60
21109 | 21349 [ .129° [ aa;1©® | 130°
P- N
LRI .67 62 .65 .62
g% o130 | a128% 1 120® | L19a©
.56 .60 .58 .58 .58
1130 | v2g® 11290 | L1080 | L1030
.87 B8 LYd R4 &8
-108% | -1229 o118 | -1o09 | -1190
.37 .30 .39 .39 .39
294% | -110° | -106° [ -107° | -1a7©
.22 .14 .16 .15 .15
-20° -27° -31° -26° -31° |

Figure L-9,

E-plane 60°

Reflection coefficients for elements

in a 9x9 phased array.
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Fagure 1-10,

S

1'x11 array 4% pulses/aperture

CENTER COLUMN

{-plane [1“ (n

Retloctton enetticionis tor elanents
to an 1111 phased array,

-
) + + + t )
o —-
p + t 4 ¢ t
B T T !
t + + + + +
—_—, —— — v~~-J - — - cem— e — =
t ¢ t + ¢ t
P o 4 --—-4] ————t - ——1 S e g o e = — o
¢ $ Pt i t t t r
SR Bt | - 1 S g
Al .39 |36, 36 3R 36, -
136 1450 1143 143 144 143 )
-4 U — —_——— e i me— g o e = - — ——
Rl i RE .32 2 33 S
1350 1 1a® 141" 113° 144 143 5
- [PUUUDNS S RS O SO SRR B S
.o 11 L1 P .2 N -}, .
10" |13’ m° 138° 1m° 1 _{
v —— - — — e — ey - e B et — —— a g e e e
A L1 7 n 17 37 =
RRUNEN KRN 140" 1179 | 1 ] ’
e e f m g o ek = - e - e e e e
1 qo .10 Loa0 a0 k]
1507 {1600 YRR TIL 1640 151
- e——e e - B 4 B R ——-— —_— —--1
AL H‘.‘ ,1'.‘ | M‘ 1(;) Mn :
| 144" 150" 164" tma? 163" 160 E

roads tde)

170




11x11 arrav § pulses/aperture

l o CENTER COLUMN

o ]_ e B—
39| . .45 42 .48 42
A71° [180° | 73° | 1R0°  1-172° | 120®
2|8 36, A7 36 A7
g 164° | 150° 168 159° 167° 1590
e T T B |
°8 .4 .33 23 ek A3
: 1790 [an® et | in® | | 172 i
. 300 137, 35 .36 .35 .35 :
] 174° {1887 | 175 166° | 172° 1} 167° :
28, | .38 P TR l 2, |,
pﬁq 161 173 163 170 14 ?
.30 .37 34 35 15 L35 -4
v 169° | 1622 1 1n® 1640 mn“ 164 B 3
) U [SINDIIN SISy U RNOS S =
: RE .41 .37 30 A0 AR E
: 1687 | 1m° Yo7 1600 166° 163" i
: | 0 .41 a0 | oo 3
1750 | 1670 1730 160" 1720 1600 E
s TR B 3
L A1 A0 o a0 5
274" 11790 -17n 17n° 1700 LU £
JRLCAE A S R LA
: 23 32 30 A0 N A0 E
-191 -1G7° -167° -1M "33 STl 47. 3
Ao 0 oa |03 | Lo 3
i - o] ' - - - - =
; RN S A AN AN S
v F-plane 30°
N é
| « Figure L-11, Kefiection ceetficients tor cloments E
in an Y11 phased array., E
[
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11x11 arrav 5 pulses/aperture

CENTER COLUMN

J

7? L85 74 .79 .78 78
-125° |-159° 579 | 1860 | -187° | -156°
50 | .59, 510 .55, 58 .54
1240 [-11° RSN I K VA I KD R B kv
62 72 62 .68 .68 .67
-132° |-148° | -145° | -144% | -146° |-144° :
.56 .64 .57, .61 .59 51
-1728° [-144° | -140° | -140% | -141° |-140°
60 | .69 .61 .66 .63 .65
-128°% |-144° -140° | -140° |.141° -1ro° B
.58 .68 .59 67 .60 62,
21280 [L1a10 ! j36° 1380 -1370 0 |.137©
]
4 —'—‘[— ‘‘‘‘ — T
5q A& 61, 63 62 67
21220 11300 TR R T AR VI BRE T
55 .60 &7 .68 57, .58 :
211g°  |-124° RECLNN NI l-mo -130°
RN REIN IR B IR
T_* "_18 ] '_{6‘“ B _ia_ e _%'6"'_—' _.3?0_*
-98° [-116° A ban® fae® e
220 | 14y A8 A8 A5, .150_j
-1 =79 -33¢ Z30° -3 -31

E-plane 60"

Figure 1.-172, Reflection coetficients for elements
fn an 11x11 phased array.
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A

st 111 it

11x11 array 5 pulses/aperture

CENTER COLUMN

‘l";'][ T_J"Tﬂ L _Jlr T

e L e e
l1?4 Ju® . Jhm® . Jnaed . Jiml
I“"‘jr’“-“ﬂ ‘ .
6, 34 Kl K .37 3

1260 _Jh3a®  J{13s° _J13a®. Jba°  Jyzse |

@ iR Jdith W T JWas
I8 .30 28 _W 29 29 ?R

122° n320  Jlias®  Jia®  h3e® i’
) MW ?R 2 L4 L3R W L 4
a0 Jioe?__ Jlie% el Jh2a® 12 |
R ] 36 ] 37 || .36

138 180° 142 140 142° 140°
S| A

.06 14 .12 2 13 2

141° 11400 157° 1153" ]1530 JLSSO
- A ——dd o J e

E-plane 0" (Broadside) J

-

0.025160 Wall Thickness -

Figure 1.-13, Reflection coefficients for elements
in an '1x11 phased array with
non-zero wall thickness,




11»11 array 5 pulses/aperture

CENTER COLUMN

33, ] .38, .39, 35 .40 .35
-177 174° -180° 175 180° 175°
=
.28 | .33, .33 31 33 31
154° || 150 158 149° B 158° 150°
25| .31 .32, .29 .32 .29
172 165° _ 174° 165° 173° || 166° |
ﬂ
.26 1' 32 .37 .30 .37 .30
165° || 156° 167° || 158° || 165° |i 159°
a3 | .29 .28 27, .29 27
6%0 156 168 158 | 166 160
?5_~1[7 32 .30 .30 31 .30
160° L 1590 1620 15560 150 156°
r i n
77 'M N 'U .3') k¥
[ 158° 1%0 150° 153° L_l§70 1540
[ 30 ) 30 36 .36, 37 6,
1659 1%70 | 164° 159 162° 1800 |
A - —
0| 30 26 36, 37 36
1779 || 168° L_mo 170° L 171° 1710
22029 B .28 .28 .28, 28
-1579 |1 1730 -167 -170° - -169°  ||-168°
.13 05 .06 .06, .06 .06
“10° 14° -10° -2¢ -2° -59
—_— e
L-plane 30°
0.02516X Wall Thickness -

Figure L-14. Reflection coefficients for elements
in an 1'x11 phased arraywith
non-zero wall thickness,
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o L2 & R, o

11x11 array 5 pulses/aperture A
CENTER COLUMN :
1.
65 || .75, .66 .71 .69 .69 i 2
-150° |{-165° |} -161° ||-is0° ||-i62° ||-i60° { E
a9 |[.se [ .50 54 52 53 f i
| -127° ||-145° ][ -ia1°  |[-1a0° ||-1a2° ||iage 13
.55 | .64, .56 .61 .58 .60 "4
-138° _Jj-155° (-1500 -151° |[152° _ Fis° :
.55;"1f .62, | 55 59 57 .59 E
-130° ||-147 -143 -144 124 143° J
e = 3
560 |l .63 56 60|l .58 A0 3
-13? -150° 140" ||-146° p1ae° 146 i
56 K2 [~ 5a .60 Rq 50 =
-128% [L1aa®  jlq30®  JLig©  |Lign®  |Liay®
[ —
5R .60 56 SR .57 .58
21279 L1430 -137° 400 1300 1290
r o ———
.54 .58 .56 56, 57 56 ,
21210 L}3s° 1320 |k13a”  [L1320 134° o
.48 51 .50 .50 50 .50 ;
-115° L}3o -126° 127° L1?7° 127 | =
.38 .38 .39 .38 39 .39,
-100° |H16°  ||-113°  J}i1e® [113 113°
2 |16 17 17 a7 Uy :
-26° || -28° -33% §1-30°  []-3:1° |[-3:°
E-plane 60° _.l
0.02516x Wall Thickness p— E

Figure L.-15, Reflection coefficients for elements
in an 11x11 phased array with
non-zero wall thickness,
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APPENCIX M

REFLECTION COEFFICIENT TABULATION: H-PLANE SCANNING
WITH SQUARE WAVEGUIDE-FED APERTURES, L=0.5714A




3Ax3 array 7 pulses/aperture

30°

.24 .10 .15
103° {118° {169°

et gl

.39 .79 |.28
1062 [111° [125°

103° |118° |1A9°

A2 ool 03
729 269 157°

270 951 .23
ag® 929 116°

20 .09 .03
72° 26° 157°

80°

|
I
I
I
I
] 241,10 115
l
!
!
]
]
1

.03 |.09 |.12
167°% | 26° | 220

.23 4 27
116° | 92% | ag°

,03_|.09 1,17
167° | 260 | 720

H-plane

-~ FigureM -1, Reflection coefficients for elements
in a 3x3 phased array.
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Fx& array 7 pulses/aperture

] .
a7 26 o6 [2a |0
107° |108° {1120 {1120 1350 | CENTER ROW

.40 .37 .33 .31 .24
100° | 110° [111° |109° |122° 30°

26 .16 .17 |5 1.3
109° {116° [122° (122° |161°

H-plane

.73 .21 .17 .15 .16 b CENTER ROW
8a° | 579 1'5a® | 6r® l108°

23 1oo 117 s |90
g6% | 710 | 83° 1m© {126° 50°

N2 14 0 1,08 .07 :
580 1 MO | - |-12° hin© -

Fiqure M-?, Reflection coefficients for elements
in a 5x5 phased array.




3
£
13
r
E
£
H
£

P R T 2

Ll

vl L ded s T

5x5 array 7 pulses/aperture

A5, 118 0 121 123 lg  CENTER ROW

"160 0 0 0 0
108° | 68° | 549 |57° | 84
22 19 Lz, |20 123
126% [101° | 83° | 71° | 86°
.07 f.os 11 L1a_ |12
171° {-11° | -6° [11° |s8°

Figure M-3.

H-plane
80B

Reflection coefficients for elements
in a 5x5 phased array.
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7x7 array 7 pulses/aperture

ey ——

3 Figure M-4,

T T =TT
.16 A{.?R DAL I & T I ) I B I
100% | 1130 {1170 1112 1107° | 1100 [ 1960
f —
361,27 1.30 21 | .28 | .7
10 11130 11160 ]1110 1110 | 1150 1200
] l
1,3 1.7 LR LS I - S Y-
110 | 1140 il'*“ lvnoo 107° |10 '1940
— 1 - - - .. T e e = = e - 4--—-—-- - ~—~—7
25, 1.1601 OOI 200 1217, ! ol
27 ?
110° j 128% | 112° | 115° |75 161__J
H-p&ane

Reflection coefficients for elements
in a 7x7 phased array.

CENTER ROW




Lot e Lo 2o cuae

Te——

ibnu o h g ind

7x7 array 7 pulses/aperture

o

s
|

23 .20 .16 |.13 |3 | s .17 le—— cENTER ROW h
79° | 56° | 54°| 66° ] 859 | 'ag® |127° i
1
22 oo L1z Vs (7 117 [.18
0% | 529 | 48| 55°| 669 | 79° |10a° j
22 La1e {6 | .15 .18 (.21 .23
82% | 62| 67°| 83°| 96° 102° |119° ]
A2 (s e o for .03 |07 L,
811 59110 | 2160 | 2120 | 120 | 1620 be
H-plage ;
508 -
|
Fiqure M-5, Reflection coefficients for elements ‘
in a 7x7 phased array.
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7x7 array 7 pulses/apertuyre

T

A7 s | e o |3 — CENTER ROW
127 a9%| @s®| 67°) 54%) 569} 700

.18 17 .17 1A 17 .20 .22

100°] 79 66°| 6% 48°] 83%| g0°

23l oo | s 15 ) .16 ] .19 | 22

11091 102%1 ag%| 83| £7°| 62°| 81°

07 1 o3 bLor | an | 1a ) 15 | 13

162°1 14°} <119 -16°| -10°] ;°| s1°

H-plape
808

Figure M-6. Reflection coefficients for elements

in a 7x7 phased array.
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APPENDIX N

REFLECTION COEFFICIENT TABULATION: H-PLANE SCANNING WITH
RECTANGHLAR WAVEGUIDE-FED APERTURES FOR L/W=? .25, (=0,5714)
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EeEoiesee— = mammasass. o = i e - e '& g
i |
* It array 7 palses/aperture %
A7 .05 .07 ‘ é
a0 N |-1a0° =
- - z
el 26 7 C 3
140° 1760 REI ]
17 .0 07 i %
a? n® |- 3
2" ;
H-plane ' 3
I 3§
i =
b4
— ] b3
.07 14 .07 .
00 _:,n hqo {
16 B) 7 n
2169%  |130®  [-166°
.07 4 07
60° |

kg gl ] !

Figure N-1 . Reflection coefficients for elements
in a 3x3 phased arrcay.




/= TR om o - !
é' - o 5x5 array 7 pulses/aperture 3 E |
k T =
;
.42 .37 .39 .37 .33
1g° 122° 123° 123° 132° [ CENTER ROW
.33 .25 .27 .24 23
125° 133° | 13s% | 13s® | 1s8® | 340
15 .07 .05 .06 10 Lo
81° 33° 39° 90 -Nn°
E H-plane
:
¢ 20 15 14 16 2
5 W2Q . . . 2c
g 139° 136° | 1420 | T140® | T1a20 [ CENTER ROW
i J2 03 1.0 .03 13
' 158 141 157° 153° 163°% | 60°
| a3 .26 .28 .25 a2
-18° -14° -14° -14° -22°

Figure N-2. Reflection coefficients for elements
in a 5x5 phased array.
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APPENDIX O
COMPUTER PROGRAM

A listing of the fortran computer program used to calculate
reflection corfficients for wavequide-fed apertures in a finmite
phased array is aiven in this appendix, The input parameters are
discussed within the proqram. The program is set up to analyre a
finite array of arbitrary size. The dimensions of the matrices VT,
YWG, YHS, PS, C7, PHAZF, R, T, and YR must be specified for a par-
ticular array size. The output consists of the first row of the
half—spncs admittance matrix, the upper right triangle of the self-
block [Y™9) of the wavequide admittance matrix, the first row
of the tota"sdm1ttance matrix, and the excitation current matrix.
The system of equations is then solved and the voltage response (in
volts) 1s printed out in normalized amplitude, amplitude, and phase,
Next, the aprrture reflection and transmission corfficients are printed
out in amplitude and phase. The corresponding incident and retlected
fields are also printed out, Also printed out are the aperture ad-
mittances.

Sample output is given for a 3x3 phased array of rectanqular
wavequ ide-fed apgrtures with seven pulse bases per aperture (N <7)
for an [-plane 0° (broadside) scan angle. The reflection coef¥icient
data corresponds to Figure L-1,
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CReoTHIS PROGRAM ANALYLES M X M FHASE) AKRAYS OF RFCTANGULAR WAVEGUIUE
C abi U ApPEwILGE S

C80008nUES Laabe 4ll QUASTap = ARt CCans

CPeag e NLRAM LELVES PN T ADERTUHE - ISTR L 'TTOY OF FROy =
COPwport D CAVITYeACKED SLOT AMYEAMAYS UIA Tob ik Ton UF MOMFRTE,

~

Co®euesPROGRAM ALSE CALCULATES PEFLFCTITON COLFFICIFATS FOR RECTANGULAR
(P00t aAVEOGUINt wb b APERTURFS wiTK KWl APLKTLILE NISTRisHTL N,

¢

CoeousliSFS FPIECRLLISE=DINUDOINAL HASE, ALOMG THE LEHGTH (Nt L ANE )

CO09 o8N] UNIFUKE HASES ALUNG THL WILTH (F=PLAwt ) Ot aPt KTUKE

r

(0eeygeSURROUTSIALS CALLLD

) Cire(
o (Op ptf Yy Fun rY!(‘N P
’ RO

u JAPC L
N PN SR
& CROLY
7 Vi 14
F here?
" Tuckt
i KRY
4l LLYSOL

200 ® INFPUT PANAME TERS

TESCANSTHOLC AN TEWSTA ARE FOR F opa pND BUAST=t ab'LAME SCANS
=21 IF wbEslwnety =0 1+ OV,
Tht TAy sIOTTIAL SCAM ANGLE (L eryUP Lor 0) it T, ANEAY LORMAL
Trig TAp EF 1AL SCAN AMGLE. wellaTe ARKAY 1OLPF A
NO(ANS ENUMBER Uk SCAN ANGLES (1 (M UR QlF )

AT ANTAAMNTIANNNNAANNINIINA IS AAS VYA

OPTIONS den P

COMMON ZLALZYRGAYHC S, Cy

CUMMUIL PL oY ot YoUZ W RLMeDa YT Lt N

SR ENSION (71D

COMPLEX VI (AR oYWEIToT7) e YHS(PLe6I) 1PS(ANNT)ec2(210T7)

FREG SUPERATING FREQUENCY UF PP QL
ZLEN SAL e HTUKRE L e NGTH (HePL ghp )
Y SAPERTURE wIUTh (L=F) Apt )
ot 2L VOTH OF Ph(ug
" SDISTANCL FROUM Ppont Tu APLRTUIG
&Y BOTSTANCE Fner Bpott T CACK a0
ABFACT  cLENGTH 10 wlpir kaTTU OF AFFHTHNE
tmnX =R Ck SAFPLE POTMES UK YMy MulFes3Pcs CotllLatlon,
s SouMiER UF CELLS ALOMG THE LF.GIH (HepPtALE ) OF Tht ApEKTUKRE
(f2eg 15 THt B OF OVFRLAFPLYG PToCEwTSFeSINUSOTS)
' w 26 UF PULS: baSeS ALONO The WloTw (perUANE ) OF THE ARERTUKE
rwrA =, OF WEARLCUUPLEL (Her] ANE) 1PERTUKES
¥SCA st 0 STHROM =P e r (el ALY ) ZPERTUMES
(ARIRAY IS UF 31y KaAlA X 8L,
NI ) SwALL THICKNESS pETafrty WEARLULPLED APERTURES IN M,
Dol A sWALL TRICKAESS B TWFREyY STHONGargUPLE D APERTURES N M,
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Coewayiijadltr-at LropxsUY o ZoeTH e ALl 4N CENYIMI TERTC ®IWR

Cosnadl AL CULTTE FIKST RO OF Y M TRIX

COMPLEYXY FRAZE(RI)AR(G) T (9)sYR(Q)

CUNMPLLY vy

CUMPLE X VA VEGYLaVRAVT AT ¢ VP VPBF JALFK
COMPLEY (U™ eZ200eYL

CALL LoDl a)

CALL ASSICN(eRALVUNZ4U,0,¢)

cAlLL U AL

It Apze

ti=1

PUBEACT =D, 0

"u 11e Yot =) onY
Tbanz It ¢+

2ef =t 1
YrTsL v ni b ACTY
b M de A

=Y 07

xa=dLn:

ry:-2el"
l'(_'-'(.‘Yh]
S X1 I A
P1=3,1%100t D
TP=cae’ T

JCOM= (1 gedl,)
FRFUWSC ﬂ-u)f e
(mpx=T1

[ 4

te=é

o7 1 a
VLAMUAS D 907929t ¢ 1 01/7F RFQ
YL=YHT /RLAMUA
cLzébbr/rat A
TEOLREAD QLTS 1) LU TO 4UN
rNCATY

rSCA=Y

MUY APL=Rw(AYRECA
FTwCA=uU,,0

['b' Azl
NWCAz D CA/RLAMPA
CSCA=LECA 00 DA
e SCAnNE)
TnsCAL=0
TeOSCA=0
THETAUT O,

Tk TAF =N,
LSTTANS 21
(VIR B TR L

VIR I AT
hMgeCuide]

NVIA LI L NREVATS W |
AL KWl A=)
rpSSKSO A=)
CUNESLEAGL L LaMHMARE

e bl

o bt i Bl

fFUNTshONL SeRWCA
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(Al L CIPUAM (RWCAIRSCATMOAT ¢MOULSSeUWCAYUSCALYL 1 SL o NWINZ W AMAX

coYHS)
(
reeagtt JLL TVF HALFeSPACE ADMITTANCE MATRIX
¢

JUMBzKSCANE »
L slZb =k glne iR
1pL =y
JE(RWLA LI 2D IRLT
]"(IHL"I'L'.\)GO 10 7¢ Qs
Cenessf dtL J' Thy FIASY LOCR (Y1) UF Y PATRYX
{0 L 1=2sr FSS
"L JSleM TESS
h=ted=l
YHS (T e IZY N (Y o)
1 (uirtTinte

7945 TR (USCA Lt L U A e W CALGT J1)0ALL ATUEPL (1HLT yWWCAL1UNM (HNSTCE ¢ YHE)
TF CUSC et o )CALL HEYOP) (LECA N IS anaCponQTLE o THS)
Ny n g con Yk
CURE( fay el
TE(RWC AT V) CUBPAZZNLCa®l]
cGASLO L, 1) CLspeayzDel AL
TF (RSCAL LT, ) WRITE (6 Ca2y)005PAY
ad%  FORMP LY (v T T (P NT beprr SPACTIA G e F LD e o 2Xa " WAVLLTHSY)
TR (RWCALET, 1) Hrel it (B, 93A0CMN,-A7
Q3P FURMAYT (* CHPT TU Ce NT HaPLIMF SPACINGT " (F 10U, 42X "WAVLGTHSY)
w TTH LR ALY
TUDL  LUPMATLZer seaPlECEwlat slrngOinaL=ullrn, A tyPanNS1IING ey
nYTR Gy 30, )
A8, pURMAT LI UX e e e s PRULKRAM FARKAY e oo Y ALRN fENNGes?)
wr ITE (eden) MMAX S FRb Ak RCT
URITE (e dkar) YLoZl oW, 17
W ITE (Hedn1 1)
UN1]  FORMAYT (Y 22FTRST KOW UF SIALF=SPACE AD™ITTAMNCE MATIX (PRULS) Y2
L=l
DU 223 LMz,
ALY 2255 LesLLMeMuUF Sy
ViR TVE (Fe3772) LLMaLLaybiq(LLM,LL)
1170 FOHMAT (Y YRS(12e9.%,T8,0)=0e201245)
28 CNTIYE
WRYITL (e AUTY)
297%  fuRMAT (/)
CALL 2AFEh e LN eHLAN DA GYHT o 2L FNoamODES ek YWER)
SRITLG G g4 2)
L1172 pURMATIY eaSELF MLOCKR (Y31) NF WAVEGL LD a AUMTTTANCE ~ATRIX
UmHus) *e7)
nYy 21 LLmz)otnhts
nu €l Lti=tLryMoues
WK (F (e d72a4) LLMatl Lyl qLLM L)
ARG FORMAT O Yot q ool ao®e? i 73,%)2%023265)
~ conT vt
VRTTE (- ad?e?)
sere FUPMATLZ)
reonyap lLL THE VOYAL AUMITYAMCF rATRIX
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QYNY
ubSy
R lald

Y17

01493
c
QlA
c
Qe
IS

0V 733~ I=3«KSCA

g 799 1ra=] MNDOEDS

mY 79t Urdz LeNOUE DS

JIMUs(T=1 )0 0pES* Ny

JuMdz (Tl ) OpESHU Y

YHSIILI  Qedd®J)=YWS (JMU (UMU ) SYHRS (TIMU s dUYY)

Cort Tt

CONIT INLE

CRIVE LR w3

FURMATOY wwy JRSY ROw OF YUTAL A MITTARCE MATRIX (FROS) vy
=1

Y Tavyu Ll=14)

LU 739% u=]."0nESS

WRITE (R gD e do Y ST ed)

FURMATLY YO oIl a0y 80 )2 ,2b,2,5)

QUL B RNTN

T 97 Szl el'MR

e 37 JuEd e HESD

Tees(Jd=1)m})l ¢ #1

CLl1CU =Y, S (T ed)

contynty

ToOUnT=n

'y 3AYY 152142

TH(ISLTa2) O TU 9yup

'Y b6YbS LECAZY «NDLCAMS

VRTTe (6 0h0)

FURMATY (/)

TEONSCAND b, 1) GO TO 7947

TrE TASS UL et TAF=IHETAQ) /(NSO ANDS LY (LS nal)aThp TAU
IF(NSCANS b1y THFIASE it YA

QIZE=21 bivyzrl AMNA

TIOR8 §

1R (STt 6P, 5)NMUTzp

N THer JS8S=y M

TUOM=1+2% (1551

TR (RWL g0 T 1 eORGKSEA,GT 1) WRITE (£49191) THETAS
FURMATE® SCAN AMbLLE 1) DFGEFFS (WeReTe ARKRAY NORMALISO W F1ULH)
v'NITl‘_(f’QSLN’

FOHMAY (/eon e "ANMLITAMNCE MATRIX (FIRST HQW) ey}
vRITE(O 920 (el e ) e =1 e i0PESS)

FORMAT(11=3 * ¢AN 0 Uz JU  BAX " 2(),U)50,7E12,9)

(" 2242 THIS PARY F1aPS THE CURRE (WY FXCITATIOr »ATRIVaes

r

gt

asnu s

THE RAUSTHETASKPLI/Z100,.
PHI=Q,

wnile ibeSed)Ipom

FUMMAT (/00 PxCTITATIOr MATKIY (AMPS)® o (s YTLY 11000 e2) s *MCDEY4/)
JTFOTESUAD b Wape ANUGIS,EQ, 1) RO TG 999y
TF(ISsFReBd) Go 10 Q3uu

1P (1St l,2) 0 106 “aw)

VRITE (h o920k 8)

poHmpe wéup¥t =P ANE S litvmand )

sk P=nSCAeyL

CALL VPOLSIUIPOMWRLAMDA (MOLFRyivw e NER VT
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Tty
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cAuy

9ty

W219

TeNd
eT7e

9344

ey

PHAZF(1)=(1.'0.’

WAL FPEL

ry 87T URz GKWCA

(U 877 K=l KSLA

apl Fps ALFE )

PLPHANT e o PTe (IR=1 ) aDEEPeS TN TiE KA

T CIKeE Galaptipedfep el bALEHDEzalPHAR/ L1nel ) ®) 4 0./P1
IF IRt ool Nedr afued) wklITF(D9393) AL pHOF
FURLFNSCL XD (JCOMEALDPHAR)

PRALF T ALEE Y SEJALED

Nkt (lrel )Mt s Uk =1 ) oML gehSUA
PMDUSNY DLt v e])

1#CV=V

T T207 IralsnmI ot MY

1PCVELy CVey

VT 2vICIRECVI o gaLF N

CyNTInwF

coMTINUE

Gu T 1122

cot Yoot

I¥ (IHSOCaN b, 0) OO0 TO 9999

VRITE b aveul)

FORMAT (* s ugth=F AME SCAMeeene)
NafFPzUwWLA+ZL

CAy L VEOISZUINOMeRLARPA oMU F R e 28 VT
PHAZF(I):(l"O"

hALFP:"

U ARY I~ ukz) Jhw(CA

NU BT LRz JKSCA

pALFP=NALFE @)

ALPHANZ ag ot JTu (A=) JaDSECaDIN(THERAR)
IF(UR et Weloalips ITRaF Qa1 VAL PRDF=RLPHAN/ LUxel ) ey AN./P]
TF(JReFCocalMelR el el IWRLITE (649393 )AL LR
FJUALFIRNZCLXE U OMeALPRHAN)
PHACF CLALY ) =g JALE Y
NHOL:IQ(lK-l).HUUtSO(J“-?)tNﬂ“LS‘hscA
tMmPUSNMDLeA R =)

1#Cv=u

00 720 1MaT=NMOL ¢ MMOU

IrCVlFCVe]

VILIMATISVILIFCVISLUALFN

cOMTIMUE

CcOMTINUE

=0 TU 1144

rONYINUE

IF (1t wSCr,b,0) LU TU 9999

VRITE (6 el

FURMAT (' v amsQUAST =t PLARNE SCApriawser)
StPzUSCA+YL

CALL VPOl (INOMeRLAMNAMONESvivweNdSeVT)
PHAZFLII=(1,40,)

ANALFPED

(0 8777 ubkzy . Kwlh

g 8777 Imz) KSCA

MALFPaMALFP+1
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ALPHANC = qo’letires )o b ped Il F KAD)
' T (In e s TladPRet JgX IR ENUDES (ALP AL/ (lnel))sdbl /P ]

Tr(dn, T ANDadP ot Wel ) WRITE Ly (3Y3) 1 Deantt
CANA G gMAT Ty e AR N R T iy DFOREESR) B T P e o mYURES2 el Jethe/)
FUMl Pl N (utOFs (L PRAMN v UK=Y )P ] ) )
PRACE CrLE e dz dabre
vipz=ldlirel )bt t bl ey ey e RS
CEIzT N ke

1 1P Vvavy
e TouY LA aova My ML E
Yprvaolbtrvgy

== [ B TR I IS B O O 2 ol U B YIS I G N

I b AEETE o 0ATE B ST &

T nir? [N B PR

A 11 %, TEERICAGt L g apHU e r O gl 2,1) €O YO 977!
U=

*= L2 PER WS \Cf\'ub\:‘\,.u

VR YN A AR R SR
Lyt 0athiy Yt ))

: TFIVVAen )l VT ORIVLEOM VYA

NS SRVERD B (R

T eV om gLt gy VET RSy,
VIR T T TR GUES IR S0 TR SN
VySvIeTw)
LAz CAS vy )

. Ve ORI VUR VL AR

- VEhE et

: TRAVVYa gty ) UPRELT e St TRwATAR L (ATMAGIN L) oRE AL (VYY)
R IR N2 PR YR I U P e I IR A UL WA N ST Y
F i Saus POPMAL IR g1 1R 383 T YF i, L)

IR Cut T it
THEILUF et GedY LG To 797y
: AR A S} tul Thtie
. TUMSHUS AV !
Jee=Io
YbYP =V

2

. TwitSu

11021

1‘-(1&.1)",t(.,5)11£=?

IFENSLAWLT 1) T4 0

P00 SN

IwmIKYZU

: TCAURIT IOl T4

:- Tr C1ICOMT Yl Y s TilY=)

3 I (TaAPE e 1) U T 3%ay :

4 o FEOnnCaett o S PEALE LTSOL(( W VTS oeknC oo IDNete MTHY) )

AL a0 TR O GURAE gl o 1) U0 CROUTEYIS YT edCCoINY e lvkielleN)
Ptz iuwe (| S wy )

. TP AN Y el o P e R AT 41 ) MrURZMLESS

z rnTTH (6dloY M)

1L 4 PUMMAT (/40 %9000 e dvn i 49t Pagstos i enstvnenrssetygr)
VvRYITE (g™ ) 0™

il Sl

i

sl

Lha COCMAYT (/e VOLTALE MATHTIY (RESPOESE)* e2a e TH Y T ot U o 2xotrC'E ")
TE(NULAPE Jp 1) O TO 799
Teiime=l
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LARLAL]
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Gy T 9219
7971 CyunTlue

C e Tu 2uLUu
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Co*epTule pael FJli g THE REFLFr L {OM CUBFRTICIE" TS
r

Culll REFLEAUISom VLA s RS A JUOM e VT (FORE DD olyWeliZS e RU AT DA N (PE,
PRAZE 41 1)
( FIRITr (&) 1NV
LR A FUPMRL (/o vkt b LFLTION cUFER JOTENTS Y e2X 0 T8 Yy a®l?e2X et 200 %0/
c My Bue TS g rwAwt

( LRITE (el )l )

To FORMAT OO b p PTURL " o2 X e JU e XAV'REFLECTIO. COEFFICIL TS e2EL1%,6€)
T N B S RIVL

.

CPowe ]S ¢alT # ] 1S Fre ArpPTinwE ARMITTIArCES

r

CRITE (Re30a7)
17 FUFMAT (/e PP TUSE SN TTTAMFREY (MHOS DY (/)
CLlun) =246 7028E 4
EHOLWCECLIOHYZ (22 iix)
VR AFKE 1aD) oFRFQUIeasCrply (ETAZS 1T am b iy (L/FRECI®ED) 4 0,)
THAFRY G gLT gV PEQL JZLELYPLY (U dETA/SWRT({FREUM/IREG)®Remls))
vyuz=1l,/20
wn TTE (L7350 yv0
THA8  FURMAT (¢ Yz 22X ¢2€12,9)
O 2797 1YzlMVIMAPE
YrtlY)=yne gl eeRtlY) /7 (las;ily))
VHTITE (o 7720 1YYPLIY)
7é FOMMAT (Y SR HTTIRE® g Lo 3X o "uPFRTIRE ACMITTIANCE =%v2fldeH)
2797 cotTlivaF
Toel rot Tk
N0 WvRITP (L edlPu) AMAXsERLQeAREACT
14 FURPAT (/e  2AXTT 01004 s 0 FRFAUELRIYS bt 10,943V P (L/B)IZ?4FL0,3,/)
vRITC (el de) YLl o MNAWN?
4T f UM ATEY YL =g FTe4a® vAVE GTHS o 3Y ¢ "ZL 2" eF TaM et WAVLGTHS ' 43X
PRI UL SV SV VAR S N
TEF(KAw b LU ANNeKAS GE3,0) WPTTL (6,4278)
4270 FUPMARLYUME APERTURE e sMNO M TULL COUFL TGt )
TH(RALLT ) WRITE(6e027a) v CAyrCA
yuely FURMAT(Y o OF WEAK=CUUPLFU APEKMTUKRES="elgea),
L CAR Wk LCen e WAYLGHTSY)
TF(KASeRT L uU) wRITE (bod280) KRCa,(15CA
w290  pORMAT(* ¢+ OF STHEOHG=COURPLEL APERIURESZ Y g 14y oY,
CTURCAZ " 4F 105, WRAULGHTSey)
TFANSCaNS,t,0) GU TO 119
ah6s  cuMTINLE
ayYaq U TINvIE
144 cOMTINUF

TLOSEL <
&9 caLL £xI1
FND

QUHRNUT ING ZppFRENXKeRLAMUA s YHT W ZLEMeMODESehwed)
CUMPLEX Z(MOOFSeMOL FS)e2NiF ¢P2500
PHILI=ZASTN(RLANMDAZ Lz (*DXRY)IRIPU /3, 1U10926%9
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IRITE (O NA2IPHIY

(g FORMAT(Y PrI1=vsFO,%42X e tDEGRELSY 4/ )
N2RzYRT -
bemYHT /W
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JHCIFsHe (L en)
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I5PACE =1 B
TR (L it (NOUNTRIEDHACE =2 -
SpaCez(2ne]lxpalCt -
Caubll ZPGISZ(MODNES MW ISPACL ,SPACE (RLAROPA (ZPLIIF (2UTF) )
TE LISHACEL e fhet) U TC 71
CALL CPOlog(MOPES A we ISP ACE o SPACE sRLAYUA ¢ ZPSLM(SUM)
ZlaL)z2. ¢ {0 1F®lnum)

71 THOISPACE gt W) Xl )22, 60T

7 cYuTLaug
t Y &N Kzl rCnop S
0Ny 25 LarHOLFS
ZiLan)=Z2in,L0

20 cut Tiwre
P ETUNRI
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SUUROUTING 20 OTS2UMOUES +hime IQPLCF sLUZRRLAAA 2P L)
Cu™MOn PLaLR Y L e RLMa D YT e disr
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COMPLEA Le AV
d=(0,401,
t TAT3A T, /A
N=P«*PI/RLANCA
OxwrzDY
HoYHT /NKW
QHL=2LYMN/ ¢,
\P’=0.U
FOHST=1o/qz.oﬂ"“'tIAOUXROUZP'(YHT/NK)"?‘(S!N(h‘RHL)t'Z))
72l )
Suvls(0,00,)

[

Lo L ] Micnsian
I}
gt

C
reesCE ARCH FUR FUSSIRBLE M1l'Sewes

~
L

N0 13 NM=1,11

bl:NM-l
6 COMVINUE

JEXYP=CEXH {euw e ZP*N12R_AMPA/NLR)

Pe1Z(8400y,)

1"(’“10’00”)6(\ TO 17

PLIESIN(HSH/2 (#NLPRLAMDA,ULR) /(i1 SRLARDA 70ZR)
77 IFINL,FQe0)PZ2=BRH/2,

SuUMEz (0.0 0,1}
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TR U2 teiTat « )SP2VECw P X(SORTIQ2L) (04

THiGelalt ¢ue)SPLa=UsSURT (p1'S(UEY Y

X (CUS L onk | BRUANME A/ NIXRe (M4 a) Y =COS Y oREL))Y
LYRSCH YR (e sRex g AVDA/Oxpel y2e D))

PPl aP22ab x

OEMOM=Y = (RLAMDAZOXR® (P24, 51 )0 6>
TLRM22(Psel ) /S2LeXE XP/F P g 828 AP

VRYITE (e = ) TERM2 o)y ve

T (CAlS (T M) ol TeCARNS (O, 00%0S5UMP))ITLESTO2SITFRTZ4)
TFCLTeST2,60,a12) 600 10O Ap

eyt dast Moey M

TE(NZ2,LE 4U) LO 10 1w

I ezeluy
t) 10 47
(wre Tty

Cyrlzhurjeniny

TF (YL 4 0) O 10 18

Ni=enN)

rg T 4A

(IR VAR

TF(CALT (S 1Y JFWa Sty zyivo

SO iTeSUN

HE TN

Tl
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